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By Stanley C. Hilton 
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PREFACE 
The importance of a knowledge of actuarial science to 
accountants is admitted by its inclusion to some degree in 
the curricula of all schools of accountancy. A thorough 
understanding of thi s branch of mathematics is a necessity 
to today's accountant. But a difficulty arises when these 
schools emphasize resulting formulae rather than principles 
through which these formulae are derived. 
This treatise is an attempt to dev:;lop a unified set of 
formulae which will at once s9rve as a text for the student 
and as a reference for the accountant in the field. While 
the work presented presupposes no previous knowledge of al-
gebra, it is oresented ·in a manner which will easily serve 
as a connecting link between,"Commercial," and,"Classical," 
rna thematic s. 
The chapters on logarithms and the slide rule are includ-
ed merely to further accomplish the purpose of the text, to 
give a real practical working knowledge of the expansion of 
t~ basic formula, 1 + i. Now in order that such a knowl-
edge be practical, the theory of the princ iples involved 
must be mastered. For this reason a seemingly undue amount 
of space has been given over to the theoretical layout of 
the rule. However I have found that if the reason for this 
layout iA understood there are no "new" problems of the rule 
which invariably trouble the student who was taught the use 
ii 
of the rule throu~h a memorized set of mechanical movements 
of the stock, slide, and runner. This same logic has been 
extended throughout the text. 
The schedules together with the pro forma entries have 
be3n drawn up to give perspective to the work showin how 
the mathematical results are reflected in the financial 
statements. In this manner the possible variations in ac-
counting results of the same formulae for sinking funds 
have been brought out by a cross indexed plan under Chapter 
VIII. In this connection I wish to acknowledge the basic 
classification of funds found at the beginning of that Chap-
ter which I have termed, "The 'Mathematician's Viewpoint~' as 
taken from Rietz, Crathrone, & Rietz's,"Mathematics of Fin-
9.nce~' The subtitles and all material under this section as 
well as the outline and material under the section headed, 
"The Accountant's Viewpoint~' are original. 
Stanley C. Hilton. 
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CHAPTER I 
LOGARITHMS 
-
-Law of Ex~an nts Developed. 
Ther are certain algebraic principles Which 
must be understood in order to solve actuarial prot1ems. 
As the "Law of Exponents" is the basis of logarithms, that 
law will te first d veloped. 
The value 10 x 10 may be written 102 which is 
read ten squared or 10 to the second power. Likewise the 
value 10 x 10 x 10 may be expressed as 103, read ten to 
tHe third power. Analyzing the symbol 10 3 we find two 
parte; 10, the tase; and 3 , the exponent. In general, 
the symbol yn (correaponding to 10 3 , alove) is equal to 
the product of n factors each of which is equal to y. Thus; 
y 4 = y X y X y X y 
53 :: 5 X 5 X 5 
10 4 := 10 X l () X 10 X 10 
nut this notation has a greater significance than that of 
mere brevity of expres sion . 
Multiplication. Suppose it is required to multiply 10 2 ly 
103. The problem may be set up as f~11owa: 
102 X 103 
(10 X 10) X (1.0 X 10 X 10) 
Now by d finition. this latt r expression may te written 
as a power of ten. 10 5 , as there are five factors of ten each. 
From this it is seen that by adding the exponents of factors 
of the oam base we oltain the exponent of t'le product of the 
same bas • 
2 
Division. The reverse of this rule, e.e nployed in 
division, m~y ra derived from the alove tut the rul of 
division will be derived ly actual computation, prov-
ing the application of this rule. 
Given: ig: a 10 X 10 X i~ . ~ i~ X 10 X 10 ;: l,O~~Q000 ~ lO ,OOO. 
Now the quotient of this prollem, 10,000, may be expr aeed 
as the fourth power of ten, 10 4 , so that it is seen that 
by subtracting the exponent of t '1e divisor from the ex.-
ponent o.f the dividend of th same taae the exponent of 
tne quotient of the same base is obtaiL~ d . 
Raising to a Po~cr. The ~se of exPonents is of greater 
importance in calculating pow ~and roots of numlere than 
in the simpler processes of multiplication and division. 
Raising the val~e 10 2 t o its third power, ly definition 
of each factor a simple expression of six factor of ten 
each, may e set up as follows: 
Given, (102)3 
or 1 10 X 10 X 10 X 10 X 10 X 10 
or simply, 106 
Thus any power of a value may le expressed as a value 
of the same base with its exponent equal to the product 
of its original exp nent and the numler of the power 
to w'l-lich the value is to be raised. Further examples: 
Extracting ~Root. Where a value is expressed with an 
expo.'1cnt, 1 t s root to any degre may l e xpressed as a 
value of the same bas ith an exponent equal to the 
quotient obtained ly divid~~g the exponent of the given 
value ly the number of the root tole exacted. For exa~ple: 
Find the fourth root of 1d2 
Exponent of Given Value 12 
Root to to Bxtracted or ~ = 3 
Therefore . 3 i s exponent of 'b aee 10, or 103. 
This rn3y be checked arithmetically ly simply evaluEting 
(103) 4 or, (10•10•10) (10·10·10) (10-•-10. 10) (10 ... 10.•10} or 
s ir.1ply 1012. 
Summary. 
These f~nd ~m~~ta1 le e may be summarized as 
follows: 
To multiply ocd exponents of factors, 
To divide aultract expon nt of divisor from exponent 
of dividend, 
To raia to a power multiply exponent ty numler of 
power, 
To ext oct a root divide exponent ly numter of rJot, 
In eac~ ca~e to arrive as exponent of answer of the same 
ase of original value • 
Any or all of the four processes mey te employed to solve 
a problem such ee: 
( 10 3 . 10 ~) 4 • 10 5 
~loa 
( 10 5) 4 • 10 5 ~ 10 20 • 10 5 
10::! 102 
Principle of Logar it· ... ~s. 
Characteristic. A loge.rithm of a num"Ler is the nwnerics.l 
value of t h e xponent which ~hen evaluated on a given uaee 
rill quel t~at nwnl er. Thus t h e log of any even power of 
ten may te xpreseed as a whole numter, termed the chsrae-
t.eristic, a.e: 
10 
100 
10,000 
nl 
nl 
nl 
1. 
') 
-· 4. 
The value,10, was used as a base ror a twofold reason. 
First, for the sake of simplicity and ease of checking. 
Second, th at the value is commonly used as a bc.ee for 
logarithmic ta1les. This reletionship between exponents 
and logari +~·u ... s io c·.pparent from the definition of logarithm. 
In all cases the characteristic of a numler_, not 
an even power of ten_, will be the exponent of the even ;lO ·rer 
"th~n 
of ten next lowe,. in ve.lueAthe given number. This rule 
may be expanded and simplified as follows: 
For one and all numbers greater than one, the 
characteristic is one less than the places to the 
left of the d cimal point in the given number; as, 
10,000 nc 4. 
54,982.87 nc 4. 
400 nc 2. 
44.38 nc 1. 
7. nc o. 
For numlers smeller than one the characteristic will 
l::e negative and Vlill be equal to one more t han t·1.€ 
nU!Ilter of ciphers l etween the decimal point and the 
first significant digit; as, 
.001 
.00463 
• 0 t'93 
• 5 
nc 
nc 
nc 
TIC. 
-3. 
-3. 
-2 • 
-1. 
Thus the characteristic of any number may le r adily 
determin d by observe.tion. 
Mantissa. Now in order to express the log of any value 
not an even power of ten it is necessary to add to the 
cha.racteristic a fractional exponent, termed the mantissa. 
This fractional exponent is alvrays expressed decimally for 
convenience. Tebleo of mantissas--misnamed log talles--
have been compiled which may te readily employed without 
an understanding of the principles involved in the 
com.)i lEJ.t ion of such a t a.'t le. The ae t e.blee are now 
4 
avail at le in three, four, five, six, eight and ten 
places decimally. For practical interest calculations 
extending over a period of fifty y~~re or periods 
of compounding&, the nix place tal los will l · found 
sufficiently accurate. In the case of londs where the 
yie::u rE:te is to 'te found, te1lee ar availa'tle which are 
l::ased on t .enty place logs. 
To find the mantissa corresponding to a given 
num'ter locate the first three digits of the numt r- eX-
cludins all ciphers refore the first significant digit-
in the ~ ft hand column of the tal· lea, e.nd in the column 
headec 'ty the fourth or next digit of the numter read 
the value giv n opposite the first thrtc di~its fcu~d 
in the left hand column. If ~ the number has lese than three 
figures, add ciphers to the right so as to obtain three 
figures. This is the mantissa or fracti .:>nal xponent 
which will, with the characteristic of the given number, 
constitute its log. From the foregoing it is seen that 
the decimal point in a number is entirely disregarded 
in arriving at its mantissa eo th~t the mantissas of the 
numbers, 2710, 271, 2?.1, 2.?1, or .0271 are the same. 
To express the complete log of a numLer, the 
decimal point must te considered, l::y prefixing the 
characteristic of the numler. Thus the log of 4032 is 
found ~y locating 403 in t~ e 1 ft h~nd column of the 
mantissa tell s anj ur oer the column headed 2 the value 
.6055Uread. Prefixing thee characteristic of 4032 
5 
(which is 3) the log of the number may l e set down as 
3. 605521. This merely means that ~f the common log lase 
ten was raised to its 3.605521 power we would obtain 
4032. 
If the number for which the log is required 
consists of more than four significant digitA, it is possil:le 
by means of interpolation to obtain the mantissa more 
accurately than by rounding off to four figures of the 
numl er and using the mantissa corresponding to that 
figure. For example the log of 152428 may be determined 
as follows: 
152500. 
152400. 
100 
nl 
nl 
5.183270 
5.182985 
.000285 
Therefore as an increase of 100 in the number corresponds 
to an increase of.Q00285 in the mantissa of the numbers 
then an increase of .28 in the number may be assumed to 
increase the mantissa .28 of .000285 or .0000798. Thus 
the log of 152428 is found to be 
152'400. 
28/100 X .000285 
152428 
nl 
= 
nl 
5.182985 
.0000798 
5.1830648 
Interpolation as carried out here is not 
theoretically correct as it should Le computed on a 
logarithmic rather than an arithmetic scale. However 
as the value of the mantissa resulting is affected only 
place 
in the sixth, and sometimes the fift~, the slight error 
is negligiLle and may be entirely disregarded for most 
interest work. In case more accurate results are required 
6 
resort should te made to ta1les carrying out the mantissa 
more places decimally. 
Antilog. In all uses of logs it is necessary to determine 
the num1er corresponding to the log of the solution. An 
example will tetter outline the procedure, which is merely 
the reverse of that followed in finding a log. 
Find the num1er corresponding to log 2.275246: 
The characteristic of any log serves one purpose 
only, that is to locate the decimal point in the 
number corresp onding to the log. In the given log 
the characteristic 2 places the decimal of the 
number so that its value will lall 1etween 100 and 
1000 as these values have logs of 2 and 3 respective-
ly. 
To determine the humter corresponding to the 
decimal fractiona.l exponent or the mantissa, 275246, 
glance through the tables of mantissas picking out the 
next lower and next h:igher value noting the corresponding 
num1ers found at the ~eft and at top of column. 
,. '275211 
• 275081 
.000230 
ln 
ln 
1885 
~ 
1 
Thus: 
= 
Interoplating arithmetically for_ the given mantissa 
it is found that .000165 (the difference between the lower 
and givP~ mantissa) divided by .000230 equals .7174, or 
rounded off to .72, which is added to the number correspond-
ing _to tJJ.at lower mantissa giving 188472. Placing the 
decimal point gives 188.472, the number corresponding to 
log 2.275246. 
There are certain computations involving the 
use of logs that require special attention. Where it is 
necessary to divide a number into one, or in other words 
7 
to find ita -reciprocal, the division may te expressed in 
logs ty subtracting the log of the divisor from the log 
of one. The resulting log is termed the colog of the 
divisor. This contraction of terms simplifies certain 
formulae aa 46328 • 1 equaling 1 log 46328 plus 
83296 
(log 1 -log 83296) may "te expressed as log 46328 pl:us 
colog 83296. As the log of one equals zero, the colog of 
any number is ~he ~omplementary number of the log of 
that number. Thus the log of 15.27 equals 1.183839 and 
its colog will- be -1.816161. 
Now ~n hanaling any log, it must be remembered 
that although the characteristic may te plus or minus, 
the mantissa is always plus. Therefore the log expressed 
above as the colog of 15.27 is expressed as -1.816161 
could be more properly expressed as -1. as the characteristic 
and ~816161 as the mantissa. Some authors suggest the form 
1.816161, indicating that the minus sign is to be applied 
only to the characteristic. 
If 1Jlerefore a given problem called for the log 
4.632857 to b~ sub~acted from the log -3.163214 the eolu-
might be arrived at as follows; 
Mantissa: .163214 
.632857 
.530357 leaving 1 to carry to characteristic 
Cha:r_act erist ic 
-3 -3 
_L or carrying the 1 from alove __£, 
-8 
The remainder in whole equal .in~ -8. 53035? 
8 
The process, being loth slow and involved, m~ 
1e simplified l.y adding an arbitrary value to the minuend 
log, thus converting the entire log to a plus quantity, 
and later subtracting that same arbitrary value from the 
remainder. A note of this arbitrary value may le made 
and carried through the computation l.y suffixing the value 
in a minus quantity to the log. Thus adding 10 to the 
minuend of above problem: 
-3.163214 equals 
subtracting 
leaves 
and subtracting the 
= 
--
= 
7.163214 -10 
4.632857 
2. 530357 -10 
10. -8.530357 
• 
CHAPTER II 
.PROGRESSIONS. 
Any series of terms, in which each successive 
term differs from its previous term by a common rate or 
difference may te termed a progression. Progressions 
are of two types, namely; arithmetic and geometric. As 
all actuarial work is based on progressions the principles 
underlying them will be developed. 
-
Arithmetic Progressions. 
In an arithmetic progression the common difference 
in the series is a simple arithmetic value. For example 
the progression 4, 7, 10, 13, 16, 19, is termed arithnJetic 
because the value three is note1 ~f the common difference. 
In any progression series there are five factors and any of 
these may be found if three of them are known. 
Where: 
first term 
common difference 
last berm 
n ~ number of terms 
s ~ sum of terms 
Last term. A formula for calculating the last term may be 
set up as follows: 
a =- first term 
a + d ::: second term 
a + 2d = third term 
a + 3d = fourth term 
a+ (n-~)d ~ nth term 
That i a L = a + ( n-1) d 
Sum of terms. The sum of a progression may be written 
in either of two ways 
to 
S 
or,s = 
Adding,2s = 
or,2s = 
or,2s .. 
8 a;o 
(a + d 
L- d 
a+ L 
times 
+ 
+ 
+ 
a+ 
L-
a + 
+ ••• + 
+ ••• + 
+ ........ + 
(L-2d) + (L-d) + L 
ta+2d) + ( a+d} + a 
a+L) + (a + LT + (a+ L) 
First term. A formula may be efl.sily derived for determining 
the first term of an arithmetic progression from 
the a1ove formula for the sum; 
s :; na + L 2 
2¥r .... a • L 
a = ~- L 
Or workinB from the formula for the last term; 
L = a+ (n l)d 
L-a=- (n-l)d 
a = L-(n-l)d 
Number of terms. To arrive at the numcer of terms in an 
arithmetic progression when given the sum, first, 
and last term the following formula may be employed, 
derived from above formula for sum. 
na + L s = 2 
n = 
S 
a: =F I: 
2 
Or if given the first term, la.st term, and difference, 
the following formula f~ atove for last term may 
be derived. 
L 
L- a 
n 
-
-
a + ( n - 1) d 
( n - 1) d 
L- a+ 1 d 
~~~~~~fme~r=e~n~c=e. To determine the common difference of an 
arithmetic progression the ' £ollowing formula derived 
from the a1ove formula for last term may be employed. 
L:;; a+ (n-l)d 
L - a = ( n - l )-d 
d ::;; L - a. 
n- 1 
Any of the five quantiti a may be found from these formulae 
if three a.re known. 
1 1 
G~ometriB Progressions. 
A geometric progression or geometric series is a 
series in which each term is derived by multiplying the 
preceding term by a constant multiplier called t h e ratiJ. 
i t is seen from t h is, t n at t h e ratio, (r), corresponds to 
the common difference, (d), of the arithmetic series. When 
this ratio is greater t h an one, the progression is increas-
ing; when smaller than one, it is decreasing. Thus, 2, 6, 
18, 54, is an increasing geometric progression with a ratio 
a 3, while 48, 24, 12, 6, 3, is a decreasing geometric 
progression with a ratio of 1/2. 
Last term. A formula to determine the last term of 
such a series may be built up as follows: 
a = first term 
a ~ r = second term 
a r x r or a r2 
-
third term 
a r3 c. fourth term 
a rn-1 n th term 
or simply L ... a rn-1 
Sum. The sum of a geometric seri s may be found from 
he following derived formula. Now by definition of 
the ~er.m the sum is equal to: 
s = a+ a r +a r2 +a r3 + •••• +a rn-~ 
and multiplying both sides of equation by r gives 
s r ... 
subtracting, a = 
e. r + a r~ + a r~ + •••• + a rn-t + a rn 
a + a r + a r + a r + •••• + a rn-
leaves,a r-s = -a 
or, B r-s ... 
a ( r-1) 
-
s -
a rn- a 
a rn- a 
a rn- a 
r - 1 
Firat term. From the above formula for the last term, 
~a -formula may be derived to determine the first t~rm 
of a geometric progression. 
L = a rn-1 
L 
r tt=l a= 
1.::::: 
N To determine any term of the series, 
the n th term) solve as for the last term 
where n will equal the desired term rather than the 
total number of terms in the entire series: 
n th term ... a rn-1 
Number of terms. To determine the number of terms 
in a geometric series the following derived formulae 
may be employed: 
B :: a rn- a 
r - 1 
' s{r-1) = a. rn - a. 
e(r:ll + a= rn 
log [a ( r-1) + a J_ log a n"" 
log r 
Ratio. When it is desired to determine the ratio in 
- a given series of geometric terms the following 
formula may be employed, derived from the above 
formula for the last term: 
L = a rn-1 
~ ... 
a 
rn-1 
r = V'1 
r :;; antilog of Log L - !2&._a 
n-1 
CHAPTEH III 
RATE OF INTEREST 
All commercial enterprises of today depend directly 
on borrowed capital. The term capital as used here refers to 
the economist' a idea of capital a.nd may require a word of 
explanation. Any value produced today over and a1ove present 
needs may te held to furth er future production. It is seen 
that such value may le tangible or intangible, rElw materie.l 
or finish ed product, or merely an accumulation of money itsel~ 
This saving out of present production ena1les more 
economical production in the future through larger scale and 
specialized production. but such saving must be rewarded or 
it will not take place. Therefore the borrower of these 
values must give up some consideration as an incentive to 
encourage these accumulations. This consideration, termed 
interest, is then value paid for use of capital. 
Sim le Interest. 
Interest payments are usually based on an annual 
percentum basis on the principal borrowed. Thus a quoted 
rate of six percent infers that six cents per dolle.r borrowed 
will le the charge for one year. Therefore the fundamental 
relation of principal borrowed, interest and time may be 
expressed as follows: 
I 5 p n. i 
where; I the interest charge 
p 
= principal borrowed 
n = time in years 
i = interest rate 
The symbol for the total amount paya1le at maturity is quite 
convenient in certain calculations. Its relation may be set 
14 
up as, "A", in the fonnula: 
A= P + I 
From these two formulae any of the five terms may le 
found when three of them are known. 
In order to determine the interest charge for e. 
fractional part of a year a fraction may be inserted as, 
"n", in the alove formula. There two methods commonly 
employed, exact day and the sixty day method. 
Exact Day Method. 
Under this method the exact number of days elapsed 
from the date of the loan to the date of maturity is set up 
as the numerator of a fraction whose denominator is the 
exact number of days in the year. This fraction is sub_ 
stituted for, "n", in the a\rove formula. 
P~ example will well illustrate this method. 
Problem: On Janu~ry 8, 1927, 500.00 is lorrowed 
to be repaid August 24, 1927 at 6%. 
Solution: Num'ter of days to run: 
Jan. 23 
Feb. 28 
Mar. 31 
Apr. 30 
May 31 
June 30 
July 31 
Aug._£! 
228 F 228 days or - "n" • 365 yr. 
-
base formula: 
I = P n i 
Substituting 228 I = 500 ~ .os 
Solving 
I = $18.74 
In actual pr~ctice the exact numler of days may l.e readily 
determined from a table which numbers every day of the year 
consecutively throughout the year. The alove prollem would 
be solved by simply noting that January 8, was the 8th day 
of the year and as August 24,, was the 236th day, that the 
elapsed time must be 228 days. Furth er, tables are avail-
alle g iving the exact interest on one dollar for leach of 
the 365 days at varying rates so that a mere reference to 
these ta1les gives the solution directly for one dollar 
which must then ~e multiplied 1y the principal of the given 
case. 
60 Day Method. 
In this case the calculation is carried out on 
the assumption that the year is composed of twelve month s 
of t h irty days each, totaling 360 days for the year. 
The interest charge is first calcula.ted at t h e 
rate of six percent for a two mon~~ period. The reason 
for this is lecauee .06 the annual rate divided by six 
to arrive at 1/6 of a year or two months is just .01 which 
is a very easily handled factor. Thus on $643.21, the 
interest for two months at six percent is equivalent to 
643.21 X 4E- or simply $643.21 X .01, or $6.43. 
Likewise the interest on the a~ove amount at the 
same rate for six days would be 1/10 of .01 6~ the principa~ 
or merely .001 x $643.21 or $0.64. Therefore if any number 
of days less t h an a year is broken up into multiples of 
6 and 60, then the interest at six percent can be speedily 
c alcula.t ed. 
Thus for: 
243 days 4 X 60 - 240 
-
1/2 X 6 = ~ 243 days 
175 days 3 X 60 ::; 180 
5/6 X 6 = 
...:.£.... 175 days 
Then to arrive at the rate of interest other than six 
percent proceed as abo.ve to final charge af six percent 
and for: 
1% divide by 6 
lt% II II 4 
2% II II 3 
3% II II 2 
4% multiply l )y 2/3 
4r 
II I II 3/4 
5-. II II 5/6 
7% " " 1 1/S 
This method, though lengthy in its explanation, is far 
quicker in operation than the former method as all the 
calculations are with smalle,r quantities. In fact this 
latter method is bette11 adap.ted to most interest protlems 
involving a time period short of a yea~ as t ey generally 
state the time in t erma of month a • 
Problem. A $1000.00 note, bearing 4t% interest is 
due in 9 months. Find interest. 
Solution. Interest for 9 months equf11~5 10. x 4t or 45.00@ 6% or 45.00 x t = ~or $33.75 
Simple Discount. 
The common practice among banking houses is to 
charge the full interest payment from the face of a loan 
in advance. Thus a $1000 loan at 6% meant that the charge 
for one year would le $60.00 paid at the time of loan. 
This is equivalent to an interest rate sl i ghtly greater 
than the quoted rate of 6%. On the abov example it is 
seen that , 60.00 is charged on $940.00 received so that 
the actual rate paid is $60/$940 or 6. 38 + %. 
It is sometimes desirable then to calculate 
just what amount to borrow on a note eo 1e discounted so 
-
that a certain fixed amount shall "Le the proceeds. To 
the interest rate is regarded as a 
discount rate, the proceeds as the base and the total 
amount of the loan will then equal 100% minus the quoted 
rate. An example will bring out the form of solution. 
Problen: Determine face of note to te discounted 
at 7% for one year, the proceeds to "Le 
just $1000.00. 
Solution: Let F equal face of note. Then by 
definition the discount charge will be 
.07 F and, 
$1000 + .07 F - F 
$1000 d .93F 
$1075.27 ~ F 
This may be proven as follows: 
Face of note 1075.27 
Lewa discount(.07 alove) 75.27 
Proceeds of note $1000.00 
While the discount -rate in this case is 
7% the rate of interest is $75.27 divided 
by $1000.00, or 7.527% 
Compound Interest. 
The interest on a loan may be paid in either 
of two ways. The settlement may 1e made at maturity 
together with the rapayment of loan. This method is 
quite satisfactory where the time involved is aLout one 
year or less. However when the time runs over a year the 
interest payments are usually considered due every so 
often during the term of the loan. Now if these periodiaal 
interest payments are not paid until maturity then each 
is considered part of the principal from the date each 
falls due. 
Thus the principal is increased at the end of 
each interest period by the amount of interest due for 
that period just ended. This periodical increase of 
principal may te calculated ahead of time when the rate, 
length o~ period, and number of periods are known so that 
it is possible to definitely assign a future value of a 
present known sum. This will 1e treated at length in 
the following chapter. 
Effective Rate. Unless otherwise specified, interest 
compoundings are based on an annual conversion period. 
However most .commercial transactions involving larger 
c.n.ounta of principal are "Lased on semi annual or 
quarterly periods. This is true even though a stated 
and advertised rate refers to the annual rate. Thus the 
usual run of 6% bonds pay 3% semi annual interest which 
amounts to a yearly rate slightly greater than 6%. 
Lef j 
m 
nominal interest rate 
numter of conversions a year 
Then twill equal t~e periodic effective interest rate 
as in the above example ~ equals .03. From the 
fundamenta1 re1ation of compounding interest as 
explained in next chapter, the value of 1 at the end 
of a year may be expressed as: 
(1 + ~ )m 
and subtracting the original princi~al leaves the effective 
' 7 
annual rate, termed iy; 
iy- (1 + ~)m _ 1 
In the a'tove example of 6%, the value of i:Y will equal 
iy .. ( 1 + ~) 2 - 1 
iy .., ( 1. 0 3) 2 - 1 
iy = 1.0609 - l 
iy ... 0609 
Sometimes it is necessary to calculate the value 
of i, effective periodic rate, when the effective annual 
rate is given. Thus; determine the value of periodic interest 
rate corresponding to an annual effective rate of 8% with 
quarterly compoundings. 
Derivation of fourmula: 
Given as above, iy = (l • ~)~ _ 1 
(1 + ~)m = iy + 1 
~ :=: o/ iy + 1 - 1 
and a8 ~ = i then i :a;: viy + 1 - 1 
Solution of Problem: 
I:.aeed on, i = 11 iy + 1 - l 
Sur at i tut ing i = \f:oa + 1 - - 1 
i ft {11.08 
- 1 
l:.y logs, 1.08 nL 0.033424 
-t4 = 0.008356 
l.n ... 1.01943 
i ;2 401943 
Inversely the nominal annual rate will equal 
4 x .01943, or .07672, corresponding to the effective 
annual rate of .08. From the above two examples it is 
seen that the more often interest payments are converted 
per year into principal the greater divergence tetween 
effective and nominal annual interest rates. 
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CHAPTER lV 
FUTURE VALUE OF SINGLE SUM. 
The fundamental problem of all interest work 
is the evaluation of a present sum at a future date. Thus, 
it is required to place a definite value on a fifty dollar 
de1t, due today, as of a date five years hence on a 6% 1:. asi s. 
The following symbols have been fairly well 
standardized among teachers for the terms: 
P principal 
i ~ effective periodic interest rate 
n = number of conversion periods 
I = compound interest 
a ~ sum of P + -. I 
Compound Amount. 
Now to determine the value of the above debt 
one year hence, there are two methods of solution. 
#1. The rate may be applied against the principal 
and the resulting interest charge te added to 
the original principal, as; 
.06 X $50 ~ $3. 
$3 + $50 "" $5:3 
#2. The principal may be multiplied "tty the rate of 
increase of the principal at end of year over 
the principal at beginning of year. Thus it 
is seen that 
$50 + ( • 0 o X . 50) = $50 • ( 1 + • 0 o) 
so that (1 + .06) or ll + i) m~ be considered 
as the rate of increase of principal. 
This ratio holds true as between any two 
periods of a given debt so that in the above case the 
value of the principal for the third year would be 
53( 1 + .06), or 56.18. Thus the values of the principal 
at each period constitute a geometric progression where. 
P = first term 
i - rate 
a - last term 
n =number of times the rate is employed, 
whinh is necessarily one lese than the total number of 
terms. Therefore eare must ~e exercised in substituting 
these symlols for the symbols employed in the chapter 
on progressions. In this previous chapter t h e formula for 
the last term of a geometric progression was: 
L = a rn-1 
sulstituting the symbols as employed in compound interest 
gives: 
a= P(l+i)n 
where this n refers to number of conversion periods. 
Applying this formula to alove problem gives: 
a = $50 ( 1. 06) 5 
1.06 n 1 .025306 
X 5 - .126530 
-
1 n = 1.33823 
X $50 = 66.91 
A further illustration will clear up this point 
and show the common practice of quoting annual nominal 
rates even though semi- annual compoundings are made . 
Problem. 
Solution. 
Determine compound amount, or simplt amount, 
of an estate worth $5000.00 today if invested 
at 5% interest compounded semi annually for 
10 years. 
Formula a = P(l+i)n 
In substituting it must be remembered that there 
are to be 20 periods at .05/2 or .025, so that 
the solution will be 
a= $5000 (1.025)20 
a= ~5000 x 1.6386164 
a = ;;p8l93.08 
Note:- Reference to tables of values of compound amount 
was made in this case, but the problem could be solved 
ty logarit~ms. All work in this t~esis will te trought 
down to a point ~~ich will lend itself to ready solution 
ly logarithms, tut in the solution as given, tables will 
le employed giving seven place accuracy. 
Interest Rate. 
From the above formula a = P(l+i)n it is poasil le 
to solve for i where a, P, and n are known. 
Given, a = P(l+i)n 
(l+i)n = a p 
l+i - n-{j 
-
i = n~ l 
Problem: Determine the rate which will accumulate 
1500 fr.a·m a principal of $1000~11 8 years 
with semi annual compoundinga. 
Solution: 
Formula i = ~ - l 
Substituting i = ~- 1 
i - 1§,{C5 - 1 
1.5 n l: .175091 
~ 16 ""' .0110057 
1 n = 1.02533 
nominal vearly rate 
Number of Periods. 
l = .02533 == i 
= 5. 0 66.% 
It is desirea.tle at times to solve for "n", 
in the atove formula. Thus a graduating class may raise 
800.00 with which to purchase a piece of statuary coating 
$1500 as a gift to their school. If money is worth 4 1/2% 
how long must the principal be allowed to accumulate before 
the purchase can be made. 
amount: 
Starting with the a~ove formula for compound 
a a 
a p= 
n = 
n = 
P(l+i)n 
(l+i)n 
log I 
log l+i 
log a - log P 
log (l+i) 
Solution: Substituting the value of the above problem 
for the symbols of this formula gi vee: 
n = log 1500 - log 800 
log 1.045 
n = 3.176091- 2.903090 
,{)19116 
.2?3001 
.019116 
n = 14.28 
Practically this solution means that the tmlount 
would have to accumulate for fourteen years and four months 
if interest could 1e obtained for the four months period. 
Otherwise the full fifteen years interest would 1e necessary 
to build up to the desired amount. 
Compound Interest. 
For certain analytical work it is convenient 
to use, "I", for the total accumulations of interest on 
either a single or a series of sums. In the case of a 
single sum accumulating compound interest this value is 
simply the difference between the original principal and 
the compound amount. 
Or, arriving at its value directly the equation may 1e 
set up as: 
I = a(l+i)n _ a 
Or, employdng the value one as a, as in most prollems, 
and multiplying the solution by a; 
I = (l+i)n -1 
Doubling Principal. 
Numler of PeriOds. If S is to equal 2? at a given rate 
then the formula to solve for n becomes: 
2P = P(l+i)n 
2P (l+i)n -p-
2 = (l+i)n 
n = 
los; 2 
log (1 + i) 
Problem: How long will it take a sum to doulle itself 
at 6% interest compounded quarterly? 
Solution: n = 
n ""' 
los;2 
log 1.015 
. 301030 
.006466 
n = 46.56 (quarter periods) 
As a practical answer the sum must remain at 
interest for elev n years nine months, for, although 46.56 
divided by four gives 11.64 years the last accumulation 
necessary to 1ring the amount to dou1le the principal will 
not ce credited until the end of the forty-seventh con-
version period. 
Interest Rate. If ~ is to equal ~ in a given num1er of 
periods,then the formula to solve fori 1ecomes: 
2P = P(l+i)n 
2P p = (l+i)n 
2 = (l+i)n 
26 
l+i n-f2 
i - n-{2- 1 
Problem: What rate must a sum accumulate at interest 
in order to doutle itself in twenty years? 
Solution: Substituting in above formula 
i:: 2Q,{2-l 
2 nl = • 301030 
-t 20 = .0150515 
ln • 1.0~527 
1 - .03527 
-
i = 3 . 527.% 
Approximations. From observation of several problems of 
this type it is found that a fairly accure.te approximation 
of answers is to ~e had by employing the following formula. 
Given: i, and a~ 2P,then 
Given: n, and a = 2P, then 
. .7 l = -
n 
Lecause of their ease of application, these formulae can 
~e applied as checks to problems worked out by logarithms. 
Taking as examples, the two pro~lems as above. 
Given; i = ·~6 or .015 
n = .oi5 or 4€. 67 
which is a rather close check on the exact result of 
46.56 obtained above. 
In the second illustration a1ove the quantities 
given were: 
27 
n .:a 20 
applying i = .:...1. n 
i ::: . 7 20 or • 035 
which is a good check on the actual rate of 3.527% 
obtained ly solution with logs. 
Pro Forma Entries, 
The entries to te made in conjunction with 
compound amount problems can be more clearly outlined 
ly simple journal entries. From these any specific 
entry may le easily modified so as to le entered in a 
cash, interest~ note, land or other special journal. 
At time fund is set aside: 
I Fund Cash 
At end of each interest per1od when 
bank[ or trustee of fund·, of amount 
Fund 
Fund Income 
notified ly 
of interest. 
A few words as to the functions of these accounts may 
te necessary to fully explain th~transactiona. 
The fund account is an a~set of a fixed nature, 
for, although it is in cash, it is not ava~latle for 
current purposes. However if the fund it to mature, i. e. 
reach the time when it is alout to accomplish ita purpose 
of providing specific funds, within one year and the 
alligation to le met is carried as a current liability, 
then the value of the fund may te cons'dered a current 
asset. 
28 
The Fund Income account reflects a value of 
income Which although it increases the net worth of a 
'Lalance sheet, is not availar le for distribution as a 
cash dividend or withdrawal tut may "te distributed as 
a stock dividend. 
The a"tove entries might 'Le made even though 
the enterprise was operating at a loss. The laying 
aside of the fund has ~c earing whatever on profits 
or losses at the instance of funding. Of course any 
income earned thereon is reflected as income. orne-
times it is desirealle to hold out part of the profits 
of a lusiness of a certa~n extremely profitalle year 
) ") 
for some specific purpose. · In such a case, an addition-
al entry would be made: 
Profit and Loss 
Reserve for Erection of Employeed' Clu1house 
This latter account is descriptive of the purpose of this 
fund. This second method differs from the first only 
I 
during the interim of the fund'as at maturity an adjusting 
entry is made Which reverses the additional entry. 
Thus, at the time the new asset is acquired, 
or the lia"tility liquidated, ~y the fund, the following 
entries are made: 
Asset 
Fund 
Reserve for Erection of Employeeet Clu1house 
Surplus 
Therefore the only difference during the interim of the 
fund is that under the latter method a share of surplus 
is set up as a pr~prietorship reserve while under the 
former method no division of surplus is made. 
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CHAPTER V 
PRESENT VALUE OF SINGLE SUM. 
In the previous chapter the future v alue of a 
present known sum was v alued. Sometimes it is required to 
find the reverse o~ this pro~lem, that is, the value today 
of a debt due at a certain future date. Thus a non-interest 
bearing note for $1000.00 due six years hence is worth h ow 
much today if the money rates are considered at ?%? 
Pre s ent Value. Starting at the time of maturity of the 
$1000.00 note the value six years hence equals just $1000.00. 
Now the value five years hence will equal $1000.00 less one 
years interest at ?% on its value at that time. Thus, if: 
x = value five years hence 
Then x + .o?x = $1000.00 
or l.07x • $1000 ;00 
X = $934.58 
Now as the value four years hence could te calculated by 
dividing $934.58, the value five years hence, ly 1.0?, it 
is seen that the values at each interval of a year consti-
tute a geometric progression with a rate equivalent to 
the reciprocal of 1.07, or __!_ • Thus the value today 
1.07 
will equal: 
or 
1000 X 1 X l X l X l X l X 1 
1. 0 7 'I':'Cr'r I:'0'7' 1. 0 7 I":1rT r.<r'r 
1000 X ----1--(1.07)6 or 1000 x .6663422 or $666.34 
)1 
The present value of a single future sum is generally 
termed, "v ". The same result might have "leen o"ltained 
ly applying t h e formula for last term of a geometric 
progression : 
wh ere: value today = L 
value 6 yrs. hence = a 
sub at i tuting: 
1 
1.07 = r 
L "" 1000 ( l ) 7-l m or 1000 ( 1: 07 ) 6 
checking the a"love derivation for ~:1~~ (l+i)n 
( 1 n value as -1 . ) • +1 
has the identical 
. lt is desired to set a value on the alove note 
as of a day l,etween today and its maturity date it is only 
necessary to ch ange the value of n in the above formula to 
the numler of conversion periods between the given date and 
the date of maturity. 
Thus: determine value of alove note four years hence 
1000 J or 1000 x .8734387 or $873.44 
(1.07} 2 
If this obligation were to be c ancelled between interest 
dates, the simple interest on t h e value of note at last 
interest date as calculated at compound interest to the 
date of cancellation would be added to t h at value af last 
interest date. Thus: 
Problem: Determine price to l,e paid on January 1, 1930, 
to cancel a $5000.00, non interest bearing note 
dated March 20, 1921 due March 20, 1936 if 
money fa considered to be worth 5%. 
Solution: Note that the date of the note has no tearing 
on the value to be paid, 
9 mo. 
Value Mar. 20, 1936 ~ $5000 
Value Mar. 20·, 1929 = 5000 (l,; 5) 7 or 3553,41 
Simple interest from March 20, 1929 to Jan, 1,1930: 
Apr, - Dec, 9 mo. @ 6% 
2 mo. = 35.5341 
X 4t -
-
Mar. 20 
-
31, 11 das. 
. 
6 da. = 3.55341 
12 da. = 7.10682 
1 da. = • 59 
11 da, = 
11 da. @ 6% = 
1% = 
5% = 
159.90 
6.52 
166.42 
27,74 
138,68 
ValuA on Jan. 1, 1930, 7 yrs. 9 mo. 11 da. 
Lefore maturity $3692.09 
Interest Rate. The for.mula for determining the interest 
rate on the problem at the first of the chapter can be 
derived from the formula above for present value. 
1 
v = 
r S -0 v-
i 
8 1 (l+i)n 
( l•i) n 
1 + i 
- l 
It will be noted that this formula checks with 
thP. formula for, "i", in the previous chapter. 
For pre.ctical purposes all prol:.lems of determining 
rate of discount or interest can be solved ly reference to 
tal:.les where the answer can le read directly. However in 
the case of investment choices the exact method may l:.e 
worked out ty logs ly the formula. 
Num1er of Periods. Likewise the net formula for determin-
ing the numler of periods required to discount a known 
future sum to a known present value at fixed discount rate 
is identical with . the formula developed in the previous 
chapter for nwnter of periods. 
= 1 V S .,-( "'~"'! +~l"'")l"l 
_L 
!. or ~ = ( l+i) n 
S 
n = log s - lo~ v log (l+i 
Compound Discount. In deriving certain formulae in the 
succeeding chapter reference will 1e made to compound 
discount, "D". This factor may be defined as the differ-
ence between the value of a sum due at a future date and 
its present value. Its value may be expressed as 
D = 1- v or 1 - ~-1~~ (l+i ) n 
Equation of value. In certain commercial enterprises, 
particularly those involving foreigh eXChange, there is 
a common practice of settling two or more debts due at 
different times in such a manner that the equities of l.oth 
del.t or and creditor are satisfied as regards interest on 
the amo~nts. In general there are four modes of settle-
ment: 
1. One present payment 
2. One future payment 
3. A aeries of equal payments 
4. Payment of total face value of de1te on th~ 
11 average due date" . 
• 
Single Present Payment. Under this method it is merely 
necessary to determine the present value of each separate 
deLt amd then total these values. 
Pro-blem: $100 due 2 yrs. hence 
200 due 4 yrs. b~nce 
$800 due 5 yrs. hence 
Determine amount necessary to cancel these 
debts today considering 4% interest rate as 
equi tatle. 
Solution: Let S equal sum, then 
S - 100 1 + 200 (1.04)~ 1 + 800 
s - 92.45 + 170.96 
s = 920.95 
( 1. 04) 
+ 65?.54 
Thus the payment of $920.95 today 
cancel these three debts. 
will just 
Single Future Payment. If in the above problem it was 
desired to settle all the debts at a subsequent date, it 
ia merely necessary to proceed as in the above solution, 
finding the value of S, then determine the compound amount 
of S for the interval of time from the present to the 
desired date of cancellation. Thus if in the above problem 
the settlement was to take place two years hence, 
The payment = 920.95 x 1.042 
or $996.10 
Series of Payments. Where it is desired to settle the 
aeries of dette by a seri B of equal payments the following 
formula may te employed. If four annual payments are to 
cancel debts, one payment due today then: 
Letting x- amount of installment 
Then X.,. present v alue of 1st inst allrr.fmt 
Then X 1. II II II 2nd 1+ oi == 
II X 1 II II II 3rd 1.042 "'" 
II X 1 II II II 4th 
1.043 = 
and from above solution 
$920.95 = present value of all delts. 
then ly definition: 
920.95 == ~ + xm + x 1~042 +xti~o 4 ) 3 
II 
II 
II 
920.95 = x + .9615385x + .9245562x + .8889964x 
920.95- 3.77509llx 
X= 243.95 
Equated Date. It is possil·le to settle a. series of 
debts due at different future dates by the single pay-
ment of the total face value of all the debts on such 
a date that the interest on p ast due de~ts is exactly 
equal to the discount on the v~mat~~dde1ts. Thus taking 
the a1ove prollem, using 4%: 
$100 due 2 yrs. h ence 
$200 due 4 yrs. hence 
$800 due 5 yrs. hence 
Solution: 
1 Present value of de~ts - 100( 1 • 04)2 
aoo 1 
(1.04) 5 
Present value of payment - (100 + 200 + 800) l: ( 1.04) n 
Therefore ae these two values must ~e equal to each 
other Ly definition, then: 
1 92.45 + 170.96 + 65h£! 
1.04n = 1100 
l.o4n = 1100 920.95 
n = 
los; 1100 - 1£~20.95 
log 1.04 
-
31041393 - 2. 964236 
n 
-
.017033 
n - 4.53 yre. 
-
+ 
Or, if the 1100 is paid 4 years,6 months, 11 days 
from today the entire indebtness would le cancelled. 
Pro Forma Entries. The only problem arising in accounting 
for values paid before maturity is the apportioning of the 
compound discount to the various periods under discount. 
Thus assume a lialility of $100,000 due five years hence. 
For sake of simplicity the item will le shown as standing 
on the looks as a cash transaction 
leash 1100,000 I Notes Payalle 100,000 
If this item is cancelled today at 4% interest the 
necessary entry would be 
Notes Payable 100,000 
Discount on Prepaid Note 
82,192.71 
17,807.29 
At the end of each of the five years the following entry 
would be made to extinguish the discound account at the 
end of the last y~e~a~r · =====-========--==-=~---=--------~=-==-
I IDia~~~~t on Prepaid Note 
The following amounts would le entered: 
Yr. Prin. chargeable Int. @ 4% 
1 82,192.71 3,287.71 
2 85,480,42 3,419.22 
3 88,899.64 3,555.99 
4 92,455.63 3,698.22 
5. 96,153.85 31846.1? 
Total 17,807.29 
Thus the savings on the discounted olligation 
is split up equitally over the life of the note. In this 
way the second year must pay for the use of the interest 
saving of the previous year etc. down through t~e ~ive years. 
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CHAPTER VI 
FUTURE VALUE OF SERIES OF PAYMENTS. 
Ordinary Annuity. The payment of a series of equal values 
at regular intervals of time constitutes an annuity. 
Calculating interest compoun9ings on each payment, the 
final value of an annuity may te determined ly formula. 
Thus if one dollar is placed on deposit one 
year hence at 4% and a like amount deposited each y e.r 
thereafter for five years the total or final value 
might ~e determined 1y setting up five distinct formula e 
for compound amount of one, running for 5, 4, 3, 2,and 
l years. 
or 1.043 l.lE9 858E 
or 1.04 = ).124 8E40 
or 1,042 = 1.081 6000 
X or 1.041 : I 1.040 0000 or l l 
5.41E 3226 
Totaling the values of the last column gives the total 
value of such en annuity. but, upon analysis of the next 
last column it will be noted that the five terms listed 
Gonstitute a geometric progression, where; 
a - l 
-
L- 1.044 
n- 5 
r = 1.04 
Now the sum of this geometric progression may le found 
from the known terms of a, n, and r from the formula 
~8 
developed under Chapter II, 
s 
Substituting: 
s 
or simply s 
evaluating s 
Therefor to find 
:; 
-
-
= 
a rn- a 
r- 1 
1 X 1.045 --=--.1. 
1.04 - 1 
1,045 -....1 
.04 
= 5.4163226, checking the a1ove result. 
the future or final value of an annuity 
of N payments of 1 each a.t rate i where the first pay-
ment is to be made at the end of the first period, 
S = ( l+i} n . 1 
i 
It should be noted that the firAt payment is made at the 
end of the first period, as tbe formulae must be modified 
if payments are made at the beginning as will le explained 
1elow under Due Annuities. 
Number of Period~ It ie often necessary to determine the 
number of periodical payments of equal known value required 
to accumulate to a fixed amount at .a given rate. The 
problem is 
Si 
Problem: 
Solution: 
to solve for n in the formula developed at ove: 
s = !l+i)n --1. i 
+ 1 == (l+i)n 
n = los; (Si+l) log(l+i) Where 
s _ Amount of annuitv 
- Periodic payment 
Determine num1er of $100 annual payments 
necessary to accumulate to $10,000 where 
the rate of interest is 5% and the first 
payment is deposited at the end of the 
first year. 
n = log ( Si+l) 
log (i+i) 
s 
=R 
::r.:l 
In sucstituting the values for symlole the 
value of S is made to equal 10,000 divided 
ly 100 or ~100 ·where: 
.An e,nnuity of $100 for n periods at i equc:tla 
10,000, then 
An annuity of 1 for n periods of i qu ls 
$100. 
Therefore, 
ri = log{lOO x .05) 
log 1.05 
n ::: 
n = 
log 6 
log 1.05 
.778151 
~021189 
n ::; 36. 7 
+ 1 
As a practical solution to a protlem of this 
type another portion of a year must le added 
in order to bring the fund up to the full emount. 
thus in the pro1lem illustrated it is seen that 
at the end of the 36th year the fund totals: 
5 36 1 1001 0 -
.05 
9,583.63 
The interest on this amount for the 37th year 
will equal: 
05 x 9,583.63 or 416 .37 
so that the fund may l,e consider d complete 
without further p ~nn ent of principc:..i just 
416.37 
479.18 x 365 days or 318 days 
after the beginning of the 36th year. 
Inter st Rate. Occasionally it is necessary to determin 
the value of i in the alove formula • Such casee arise 
generally fro~ comparative problems as in the following 
example: 
Problem: ~hich of the two following annuiti s are 
accumulating at the larger interest rate: 
(a) 
( 't) 
$100 annuity running 15 years amounting 
to 2000. 
300 annuity running 25 years amounting 
to $13,500. 
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To solve this problem exactly requires mathmatice of a 
degree that has as yet remained teyqnd the powers of 
mathematicians. However approximations can 'te made of 
sufficient accuracy for the moat exacting of long term 
o1ligations so that the tru solution 'tecorYJ.e a merely 
a.n academic question. The approximation depends on t he 
use of talles of values of amount of one per period. If 
no ta"tles are available a series of trials may be set up 
su'tetituting trial rates of i until two results are 
obtained where one of the amounts accumulated is just 
under and one j uet over the given amount. 
Solution of (a): 
( l+ ·) n 1 Observe from ta1les of S = 1 1 - the 
rate which will accumulate 20 from 15 pay-
mente of 1, for this same rate will necessarily 
1e the same to accumulate 2000 from the same 
num1er of payments of 100 each • . 
S where i ::;; .04 :. 20.0235876 
S where i = ~ = 19.2956809 
differ~nce of.005 ~ .7279067 
The excess of amount of given annuity over amount 
of annuity reeul ting at rate .035, equals: 
S at rate i 
S at rate .035 
20. 
19.2956809 
• 7043191 
Therefo~e ~y interpolation: 
i = .03~5 + 
i = .035 .+ 
i = .03984 
Solution of (b): 
• 7043191._ 
• 727906? 
.00484 
.005 
As above case olserve rates accumulating 
$13,500 from 25 payments of $300 or simpli-
fied ty division, $45 from 25 payments of 
1 each. 
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S where i 
S where i 
difference 
and. 
:.. .04?5 
:.. .:..9 450 
= .0025 
S at rate i = 
S at rat~ .0450 = 
= 
-
= 
46.114558? 
44.5652102 
1. 549348'5 
45. 
44.5652102 
.434?898 
Therefore ly interpolation 
i = .0450 + • 4347898 .0025 1.5493485 
i = .0450 + .000?0 
i = .045? 
Answer. 
The rates on the two cases compare as follows. 
(b) i - . 0 45!1 
(a) i = .03984 
Rate (1:) exceeds rate (a) ly .00586 or • 586% 
Annuity Due. A slight modific8tion of the above for.mulae 
is necessary in the case of a due annuity. The diff renee 
l:etween an ordinary and a due annuity is t e time t h e 
annuity commences or in other words the date of the first 
payment. In the former the payment is made in arrears or 
~t the end of each period, while in the latter payments 
are made in advance or at the leginning of each period. 
For purposes of simpl±fyine comparison. the 
same illustrative problem will Le set up here as 1ae 
scheduled at the first of this chapter except for the 
fact that payments will fall due at the beginning of 
each tf'!rm. 
Thus the amount or future value of such an annuity will 
le equal to the total of the following: 
....... 
Toda 
1 or 1.04 =- J.216e529 
or 1 044 
-
1.1698586 
• 3 
or 1.042 =: 1.1248640 
or 1.04 .. 1. 0816 
X or 1.04 
- 1:04 
5.6329?55 
As in the ordinary annuity, the total of the last column 
gives the value of the annuity and the values in the next 
to the last column constitute a geometric progression, where: 
a == 1.04 
L - 1.045 
n e 5 
r = 1.04 
Comparing t~is progression with that of the ordinary annuity 
it will ~e noted that the only difference is that Loth a and 
L are advanced one term so that the formula for the sum of 8 
geometric progression may be again employed· 
a rn - a 
S = r- 1 
Substituting: 
s = 1.04 X 1.04
5 
- 1.04 
1.04 - 1 
s = ~£- 1.04 
.04 
In order that the same tables of values of annuities may 
be availa1le for 1oth types of annuities the following 
form of the above formula 
l.04e - 1 
. 04 
is found more convenient. 
1 
Tables of the amount of one per period(ueually mistermed 
per annum) g ives the values of ordinary annuities: as 
s = ( l+i) n - 1 
i 
so tnat to determine the value of an annuity due, it is 
necessary to deduct one from the value shown for one more 
period that annuity rune. Thus for the five year due 
annuity i lluetrat ed above at 4% the formula is: 
s = 1 or 1. 04
6 
- 1 
- 1 -
.04 
so the value for an ordine.ry annuity for six periods 
noted as 6.6329755 and subtracting the one leaves 
5.6329755, checking the result attained abov~. 
Numter of Periods. The solving of n of a due annuity 
presents much the same problem as solving for n of an 
ordinary annuity. Starting with the formula for 
amount of a du annuity a logarithmic formula may te 
derived. 
(l+i)n+l- 1 
s = i - 1 
(S-1) i + 1 = (l+i)n+l 
n = log [( 8-1 i + lJ 
log (l+i) 
is 
Pro'tlem: A graduating plass wishing to estallish a 
library costing $100,000 agree to collectively 
deposit 2500 annually starting today at 4% 
compound interest. How map years must elapse 
CJ in order to raise the fund? 
Solution: 100,000 = 2 500 1 • 04n+l_l 
, .04 - 1 
Reducing to basis of $1 payments. 
40 = ~.o4n+l - 1 
4 ... 1 .o 
n = log ( ( 40-1) .04 + j) 
- 1 
log 1.04 
n = los; 2.56 1 log 1.04 
n = • 4082~ 
.01703 
1 
n :: 23.97 or approx. 24 years 
Interest Rate. Determining the interest rate of an 
annuity due where all other factors are known resolves 
itself into the same problem worked out under the 
ordinary annuity. The only difference in procedure, and 
only possible place of error, is in locating the values 
in the annuity tables. Therefore this point will be 
illustrated with an example. 
Problem: Determine rate of accumulation on an annuity 
of $50 payable yearly in advance which will 
amount to $1,500.00 in 20 years. 
Solution: Looking for values of S equivalent to 
1;go or 30 in 20 yrs. ordinary 
or 21 yrs. of due annuities. 
s, where i = .04 = 31.9692017 
-1 l 
-----=---
S, where i = .035 c 30.2694707 
-1 ~1 ______ _ 
Increase of ,005 equivalent to 
Satratei= 30. 
S at rate .035 -29.2694707 
• 7305293 
Therefore by interpolation 
i = .035c + 17305293 .005 1. 6997310 
i = .035 + • 00215 
i = .03715 
30.9692017 
29.2694707 
1.6997310 
Deferred Annuities, The term deferred annuity is used 
to denote an annuity whose term is postponed. Thus an 
ordinary 20 year annuity of $50 deferred 10 years would 
mean that the first payment of $50 would be made at the 
expiration of, 10 + lor ll years, thus continuing on 
for 19 more payments. Therefore the formulae for such 
class of annuities are identical with those for an 
ordinary annuity, if completed upon deposit of last 
payment, or, if completed one year after the deposit 
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of last payment, identical with formulae for due annuities. 
Some texts confuse this strict definition of a 
deferred annuity with a typ of annuity which might prop-
erly le termed a "completed annuity remaining at int·erest 
for a fixed term". Thus the maturity of the funds are 
deferred l ·ut not the annuity itself. 
Amount of Annuity of Deferred Maturity. 
Problem: 
Solution: 
Determine total value of an ordinary annuity 
of $100 running 10 yrs. at 6% remaining at 
interest 15 years thereafter at 5%. 
There are two distinct problems here. 
First--The annuity amount 
s = 100 (1.06)10 - 1 -- 1,318.08 
i . 
Second--The amount of this value for remaining 
years 
a~ 1,318.08 (1.05) 15 = $3,159.13 
Thus the complete formul~ equals: 
S = ( l+i ~ n - 1 ( l+i 1_) n l 
~ 
Where i 
and i' 
Where n 
and n' 
= 
-
= 
= 
rate on annuity 
rate on deferment . 
periods of annuity 
periods of deferment 
Periods of Annuity of Deferred Maturity. 
Num1er of Periods of Annuity. If a fund to te 
cr~ated by $5 annuities is to accumulate at 
6% during its term and rest at 6% interest 
for 10 years, how many payzp.ents must "te 
made if the final value is~equal $200.? 
From above formula~ for amount: 
S:: (l+i)~- l (l+i')n' 
~ 
' 
s = (l+i)n- l 
(l+i' )n' i 
i~(-l+_l.,_,.,,......f ..... n~•- + 1 = (l+i}n 
n = log ( i 8 (l+i')n1 
log 1 + i 
+ l) 
Substituting for above problem: 
200 
log ( .06 ~ + 1) ( 1 06) 10 
n: log 1.06 
n = log (.0 6 I.*8os477 + l) 
log 1.06 
.369243 
.025306 n-= 
n = 14. 6 years 
Number of Periods of Deferred Maturity. If a fund 
to te created ly $5 annuities running 20 years 
at 5% how long must the amount of this annuity 
rem_ain at interest (at 6%) so t 1'lat the wi1o le 
will amount to $300.00? 
Wh . ' d ' ,_ "' ere J., l. n. an n are as in a~ove pro~lem. 
S (l+i)n 
= i 
1 I {l+i1 )n 
s 
(l+i)n-1 
i 
n' = log 
- { l+i' )n 
s 
( 1+1) 11 ~1 
i 
log l+i 
I 
Substituting for above pro'tlem: 
1 300~0 log ( 1.05• ~0 
,n ·' - --~-~-~-.;:.5-::----log 1.06 
n'= 
n':: 
60 
log 33. 0 659 541 
log 1.06 
0.258759 
o .o253o6 
n' :;: 10 • 2 yr s • 
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Interest Rates of Annuity of Deferred Maturity. 
Solution for i When the rate to te accumulated 
on the amount after termination of annuity 
payment is given: 
lst Solve for a .a ( l+i') n' (as in Chapter IV) 
2nd Solve for i of annuity as explained under 
ordinary annuities employing factor of 
amount obtained above , against value 1 
for future value. 
Solution for i' When the rate to be accumulated on 
the annuity payment is given: 
l_st Solve for S = ( l+i) n - 1 as explained 
under ordinary ann~ities. 
2nd Solve for i'= ~- l as explained in 
Chapter IV employing S as obtained aLove, 
and P equalls 1. 
Pro Forma Entries. Reference was made under Chapter IV 
to the two methods of providing a fund for some future use. 
Now because the second method is "toth the more common and 
better accounting and as it brings out all the points of 
the first method, all the examples given here will be 
based upon it. 
Drawing on the two problems worked out at the 
first of this chapter for figures the following entries 
will illustrate the necessary accounting for annuities • . 
The values ar~ incre~sed from $~ to $~00 to preserve 
accuracy in the decimal fractions . For purpose of 
comparison of time of entries, the entries for the ordinary 
and due annuities are set up opposite each other. 
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Ordinary Annuity Annuiti: Due 
End J . I 
..--
I l Fund 100 
I 
1 Cash 100 
p & L 100 
Res 100 
-
l Fund 100 2 Fund 104 
Cash 100 
---
Income 4 
p & 1 100 Cash 100 
Res 100 Income 4 
I p & L 4 
I p & L 104 
Res 104 
2 Fund 104 3 Fund 108.16 
Income 4 Income 8.16 
Cash 1QO Cash I 100 Income 4 Income 8.16 
P & L 4 p & L 8.16 
tp & L 104 p & L 108.16 
Res 
108.16 1 
104 Res 108.16 
3 Fund 4 Fund 112.49 
Income I 8.16 Income 12.49 I Cash 100 Cash 100 
I J:ncome 8.16 Income 12.49 
I 
p & L 8.16 p & L 12.49 
p & L 108.16 p & L 112.49 
I 
Res 108.16 Res 112.49 
4 1Fund 112.49 5 Fund 116.98 
Inc:)me 12.49 Income 16.98 
Ce_eh 
I 
100 Cash 100 
I Income 12.49 Income 16.98 
p & L 12.49 p & L 16.98 
---- -p & L 112.49 P & L 116.98 
I Res 112.49 
Res 116.98 
I 
I 5 IFund 116.98 6 Fund 21.6? 
Income 16.98 Income 21. 6? 
' 
Cash 100 Income 21.6? 
Income 16.98 P & L 21.67 
p & L 16.98 p & L 
' 
21.67 
p & L 116.98 Res 21 . 67 
Res 116.98 I l 
New Asset or 541.63 New Asset or 563.30 Old Liability Old Liability 
Fund 541.63 Fund 563.30 
Res. 541.63 Res. 563.30 
Sur. 54.1. 63 Sur. 563.30 
. 
I 
I 
CHAPTER VII 
PRESENT VALUE OF SERIES OF PAYMENTS 
Ordinary Annuities. Present value. The present v alue of 
n annual payments of 1 each may be found by considering 
each payment separately. Thus for four payments made at 
end of each of four years, the present value will equal: 
4 yra.hence 
l X 
Where v == ..L 1+i 
3 yrs. 2 yrs. 
1 X 
1 XV X 
v XV X 
1 yr Now 
1 X v = v 
v X v = v2 
v X V' = v3 
v X v = v4 
The values ir. "" ;1 e last column if added will equal the 
total value of series. Now these four terms constitute a 
geometric progression with v as the rate. 
From Chapter II 
s = 
a rn- a 
r - 1 
Changing signa, as r is less than 1 
a -
a - a rn 
1 - r 
Substituting: (A for e) 
v- v v n A- 1 = 
-
v 
Dividing by v 
A= 1 - vn 
1 l 
- -v 
Substituting v ::: 1 1 + i 
v- vn+~ 
1 - v 
1-A= 
1 
r 
l+i 
1 . 
(l+i)fi 
- 1 
Simplifying the denominator as follows: 
1 1 
1 
-
1 = 1 I l+i - 1 = 1 ¥-- l = l(l+i) - 1 = i 
l+i 
Therefore: 
1 -
1 
A= ( l+i) n 
i 
Problem: Determine amount of present single sum equivalent 
to a series of 10 annual payments of $100 each, 
first payment due 1 year hence, if money is 
considered to ~e worth ?%. 
Solution: Formula A = 1 - vn i 
20 
Su'tstituting A= 100 1 - v 
.0? 
A = $1059.40 
A formula to determine the value of 
n ~ay te derived from. 
A R 1 - vn 
- I 
where R is the amount of each annuity 
Ai 
l- R = vn 
_L 
-1 
&._ 
R = 
vn 
R- Ai 1 
R (l+i) 11 
R (l+i)n R- Ai = 
log R- log (R-Ai) 
n = log (l+i) 
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Problem: How many years must an annuity of 100 run 
to satisfy a present due debt of $1000 if 
money is worth 6% if first payment is made 
one year from date? 
Solution: 
n = 
log 100 - log (100 
-
1000 X .06l 
log 1.06 
n = 2- 1. 502060 • 397940 = 
.025306 
.025306 
n = 15.72 years 
Interest Rate. The solution for interest rates is 
based upon interpolation of values recorded in ta1les 
of present value of annuities, similar to the process 
explained in previous c~apter for interest rate of 
amount of annuity. 
Due Annuity, Present Value. Where the annuity paryments 
are made at the beginning of each period the a1ove 
formula must be modified so as to allow one less conver-
sian period. Thus a five year deferred annuity will 
appear as: 
5 yrs.hence 4 yrs. 3 yrs. ~ yrs. 1  yr. Now 
I 1 :;;: 1 
l X I ~ = v 1 X v X = v2 
1 X v X v X v = v3 
1 X v X v X I V X I V - - v4 
The value in the last column constitut~ a geometric 
progression whose ~ will equal: 
a- a rn 
1-r 
1 - lv5 A= 1-V 
5 -~ 
Dividing ty v 
1 
(as in first of cnapter), 
A :: V' - v4 
l 
v - 4 
= l+i - v4 
i 
l 
A ""' 1 - ( l+i) n:r 
i + 1 
• 1 + 1 - v4 
~ or 
Problem: 
c 
Find present value of annuity at first of 
chapter assuming paymen~ are made at beginning 
of each year. 
Solution: 
_!_ 20 1 
A= 100 (1 -(1.07) - + 1) 
.0? 
A- 100 (10.3355952 + 1) ~ 1133.56 
Number of Periods. To determine the numler of periods 
of a du annuity the following formula derivation may be 
employed. 
A 
-
- R ( 1 - ( 1 + i) xz=: I + 1) 
1 
1 
----~----- = 1 1-iG _ 1) ( l+i) n-I 
n = co1og 1 - i(+ -1) 
log(l + i) 
Interest Rate. To solve for i of a due annuity, inter-
polate as explained under previous section on ordinary 
annuities, adding the value one · to tabular values for 
one less period than n. 
Deferred Ann~ The problem of determining the 
present value of a deferred annuity resolves itself 
into two distinct problems: 
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Firat. The present va~ue of the annuity payments 
as of the date 1 deferment 1 
Formula A = 1 - ( 1+i) n 
i 
Second. The present value of this product discount ed 
down to the present or the number of periods 
of deferment. 
Formula v = 1 (l+i) 11 
Graphical l y the problem may be presented as follows, 
thr-ee 
using a four period annuity deferred thru Aperioda as 
an 
1 
example : 
3 
X v X v X v X v 
1 X v X v X v 
1 X v X v 
\ 1 X v 
1 
l ( 1+i)i_1 Where A-~~~---~-­i 
• 
= v4 
2 1 -1-N w 
= v3 
= 
v2 
= v 
A4 X 
andv 1 
- (1+i) 11 
Aas~rning the annuities to be $100 and i equal to 4% then: 
Pres. Value = 100 1 
1 4 
_ (1.o4) 
.04 
~ 100 X 3.6298952 X .8889964 
= $322.70 
Number of Perio~. 
Periods of Annuity. A formu l a to arrive at the 
value of n m(ly be deriv ed as f:lllorve: 
A' Present Vrtlue 0 f De"ferred Annuity = Amount of each Annuity 
1 
A' = 1 - ( f+i)!: . 1 i I pt ' (1+ 
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f A' i ] colog 1 - 1 , (l+ii)ll 
log ( l+i) n-
f Deferment. A formula to arrive at the 
value of n' may be derived as follows: 
1 A'~- (1+1)11 
i 
n' .::: 
1 
log Jr xr-
log ( l+i') 
1 
x ( l+i i) n• 
or log A' - lof A 
log (l+i' 
Pro forma entries. The present payment of a sum to 
cancel the rente of a lease which fall due annually 
over the term of a lease will serve as a basis for 
pro forma entries. If a four year lease calling for 
annual rents ofl lOOO due at the end of each year is to 
be cancelled by a single present sum, the following 
entries would properly distribute the charge assuming 
interest of 5%. 1 
A= 1000 1- (1,05)4 
.05 
A= $3,545.95 
Schedule. 
lst year 1000 v4 
2nd 1000 v3 
3rd 1000 v2 
4th 11000 v 
Total 
Eeginning of first year : 
~entals Prepaid 
I j Cash 
End of first year: 
Rent 
822.70 
863.84 
907.03 
952.38 
3545.95 
Interest Income 
Rentals Prepaid 
3,545.95 
1,000 
3,545.95 
177. 30 
822.70 
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E1 d f second year: 
Rent 
Interest Income 
Rent ala Prepaid 
Rent 
Interest Income 
Rentals Prepaid 
ent 
Interest Income 
Rentals Prepaid 
1,000 
1,000 
1,000 
136.16 
863.84 
92.9? 
907.03 
47.62 
952.38 
In closing each year the rent account is charged 
into operations while the interest income account is 
entered as "O ther Income". Th is ractice is theoretice.lly 
correct for those who advocate charging a tusiness for the 
use of its own capita.l a..s the first years must ·ste.nd the 
stringency of current funds which were used to pay for rent 
of future years. Also if money had to be borrowed (of 
course at a lower rate of interest than t h at paid on t h e 
cancellation of the rentals) then the rental charge would 
be entered as a deduction of "Interest Income". 
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CHAPTER VIII 
SINKING FUNDS 
In General. The payments into a fund to eatisfv a 
future debt constitutes rents of a sinking fupd. The 
confusion of the terminology employed by teachers 
regarding such funds arise entirely from their point 
of view. The mathematician is concerned merely with 
the amount of each rental of the fund and therefore the 
many diversifi d formulae of the accountant reduce to a 
few formula for the mathematician. On the other hand 
the accountant, seeking the make up of each rental and 
its disposal finds himself almost lost in a maz of 
acturial work of a higher order. In this treatise th 
multiple problems of funded debts will le clas sifi~d 
first from the actuary's vie Npoint end secondly as the 
account ant sees the prol.lem. 
THE MATHEMATICIAN'S VIEWPOINT 
=-== 
As seen by the actuary there are only thre 
possible basic formulae covering the typ s of sinking 
fund problems. They are given below as Cases 1. 2. and 
3. 
No Interest to 1e Considered on De1t-- Cese 1. 
Rent. If no interest need 1e considered on the .debt to 
be extinquished the formula to determine the amount of 
each rent,"R", maybe easily derived from the formula 
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set up in Chapter VI. In this case the dett may be 
considered as due at a future date, therefore no interest 
need be considered. In that case the amount of each annuity 
was given and the value of them at maturity was the 
problem, while in the present case the problem is reversed. 
From Chapter VI 
s (l+iln- 1 x Amount = i of each annuity 
s R (l+i}n- 1 or ::: i 
R s ::;;;; 
, l+iP'! 
=-L i 
lut from available tables of values of ..L (the use of An 
which is explained below) the value of 1 s may be found 
n 
1y subtracting the rate i from ~ eo that a more con-
venient formula for R may be set up as follows: 
1 
R :;; s (l+i) ~: _ r: 
i 
Problem: What annual pe.yment must te made to accumulate 
1000 in 3 years if the fund is invested at 
6% interest. 
Solution: 
R s ~ r s.,- 1 J.' ) 
• o . \-A -
~ - - 3 
R = 1000 (.3741098 .06) = 1000 • 3141098 
R ,.. $314.11 
Number of Periods. Same as discussed in Chapter VI 
f Interest. Same as discussed in Chapter VI 
To determine the amount in fund after, 11m11 , 
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payments is only necessary to evaluate an annuity of 
m payments of R each. 
Let Sm- that amount 
Since R p 1 i 
- {l+i}!I or P 
-
1 (l+i) 11 
-
l 
i 
R ( l+i) m - l and Sm = i 
then Sm - .P ++ i (1+i)m- l 
- ( l+i) II • 
-
1 i 
or Sm p {l+i}m- l = (l+i)n- l 
Probl m: In the above rent problem determine ~ount 
in fund after second payment. 
Solution: 
Sm - 1000 ( 1 • 06l ~- .;:. 1 (1.06) - 1 
Sm - 64? .0? 
= 1000 .123 600 
.191016 
Amount of Dett Due After m Payments, 
The amount of the debt remaining due after 
the mt~ayment may be found by determining the present 
value of (m - n) payments of the rent. Thi a value will 
just satisfy the remaining obligation. 
Let Am = that value 
Then krn = R a n - m1 
Problem: In a sinking fund problem running for twenty 
years, the annual rent is $1000.00. Determine 
... <l t' _ amount remaining due after the 12th payment, 
assuming 5%. 
Note. The mode of amortization of debt does not 
affect this solution, and this formula may 
be used in Case 1, 2, or 3. 
Solution: Am = 1000 X a8 
.Am = $6,463,21 
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Interest t~ be Considered on Debt--Rate on Debt and Fund 
the Same--Case 2 
~Rent. Where interest on the debt to be extinquished 
must be considered and the rate of that interest ia 
eQual to the interest rate at which the fund is to 
accuro.ulat , the formula to det rmine the amount of each 
rent, "R", may 1e easily derived from the formula set 
up in Chapt r VII, for evidently this case is analogous 
to the case where the total d bt is due today, therefore 
interest must t .e allowed on the debt. 
1 - 1 A = ~l+il~ x llmount of Each Annuity 
i 1 
or A R 1 - ti+~ll't i 
R .6 = 1 ! A ...L 
- {l+iP' or An 
1 
This protlem may be solved from another angle. Thus, 
adding interest on S to the R obtained as under Case 1 
(ly~) the same result is obtained. Evidently this is 
sound theory for the rental necessary to satisfy a non-
interest tearing debt if increased 1y a periods interest 
on the total debt, will then be equal to the rental 
necessary to satisfy an interest tearing debt. This 
may 1e proven as follows: 
1 1 
- i 
-- sn 
-An 
~- _L_ = i 1 i (1 1 1 1 1 ""' 1 -lt §:.1 1 
-
a- 1 - 1r a-
i i a 
1) 
CJV 
Multiplying numerator and denominator of first term 
within parenthesis by a, 
Problem: What annual payment must be made over a 
period of 5 years to satisfy a present due 
debt of $5000. if interest is agreed upon 
at 5%. 
Solution: R • 5000 !
5 
R = 5000 X .2309748 
R = $1154.87 
Number of Periods. Same as d.iscussed in Chapter VII. 
Rate of Interest. Same as discussed in Chapter VII. 
Amount in Fund after m Payments. 
The amount of the fund after m payments may 
be determined by formula as follows: 
1 t Sm = amount of fund 
Since R 
and the interest or the debt ( i A) is periodically 
paid out of the rent then, 
A-!- - iA ~ amount of each rent funded. 
An 
Now the amount of an annuity of this value will equal the 
amount of the fund. 
5m = ( A-j; - iA) ( 1 + i l m - 1 
Problem: In the above rent problem determine the 
balance in the fund after the third 
payment. 
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Solution.: 
( 
1 y5 
Sm ;; 5000 .05 
Sm- (5000 X .2309748 - 250) 3.1525 
Sm <>= $2852. 64 
Amount of Delt Due after m Payments (same as under Case 1) 
Rent. 
Considered on Debt--Rate on Debt and Fund 
Differs- Caee 3 
Where the two interest rates differ a slight 
modification of the formula for rent is necessary. The 
formula_!_ d rived atove is equal to -~n + i' so that the 
An 
result attained might have been dErived as, 
1 
R = Sn + Si' as the r nt must equa.l a sum equal 
to the rent of a fund where no interest on the debt is 
considered (~n) plus a period's interest on the debt (i'S). 
Therefore here the two rates differ it is neceAssry to 
calculate the rent as l_ (with rate on fund i) plus one Sn 
period's interest on the debt i'S. 
S
. _J _ _ 1 . 
1nce Sn - An - 1 
then R = S ( ~n + i' - i) 
Problem: What annual pe.yment must be made into a fund 
leaving 3% interest, to satisfy a $5000 dett 
running for six years at 6%. 
Solution: 
R = S ( ~n + i ' - i) 
R = 5000 (.1845975 + .06- .03) 
R = $1072.99 
Number of Periods. 
If it is necessary to solve for n of this 
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formula: 
let. Deduct one period's interest charge on the 
debt from the rent. 
R - i 'S 
2nd. Substituting the remainder o1tained for R, 
solve for n as discussed under Chapter VI. 
Rate of Interest of Fund. 
To solve for i of this formula: 
lst. Deduct one period's interest charge on the 
dett from the rent. 
R- i ' S, 
2nd. Substituting the remainder obtained for R, 
solve for i as discussed under Chapter VI. 
Rate of Interest of Debt. 
To solve for i ' of this formula: 
R :: s (...1..... + An i ' i ) 
R = s _1_ + Si ' Si An 
R- s l + Si i ' 
-
-r 
s 
i ' - ~ - + + i. 
Amount in Fund after m P cnte. 
The amount of the fund after m payments may 
~e found without setting up a complete schedule ty the 
following formula. 
L t Sm - Amount of fund 
Since R ~ S (-l- + i ' - i) 
An 
and the interest on the debt (i ' S) is periodically 
deducted from R then, 
1 s (- + . ' . ) . 's --An ~ - ~ - ~ amount of each rent 
funded. 
Now tho amount of an annuity of this value will equal 
the amount of the fund. 
Sm :::: ( S ( ~n + i ' - i) - i ' s) ( 1 + ~) m - J. 
Pro'tlem: In t'rJ.e alove rent pro'tlem determine the 
'talance in the fund just after the fourth 
payment. 
Solution; 
sm = - ( 5000(.1845975 + .06- .03)- .os x 5ooo) 
(LQ3) 4 - 1 
.03 
Sm = (1072.9875 - 300) 4.183627 
Sm "" $3 , 233. ~ 1 
Amount of Debt Due After m Payments same as under Case 1. 
ACCOUNTANT'S VIEWPOINT 
The accountant's attack of a sinking fund 
problem ie from the legal statue existing b tween the 
debtor, creditor, and trustee. He analyzes the contract 
to determine the rights and liabilities of the party 
he represents. Thus t he outline of the possible 
conditions which would vary his solution would be as 
follows: 
Future Debt. (Case 1) 
Face of de'tt due at a future date to be 
extinquished at that date. As no interest 
is due on debt the total rents accumulate 
at compound interest to meet the obligation 
at maturity. 
Present Debt. 
Princli a],_ .Amortized (Case 2) 
The periodic interest charge on outstanding 
64 
principal is taken out of the rent and any 
balance of the rent reduces the principal 
of the following perio~ a s there is no fund, 
no interest is earned. 
Principal Paid at Future Date (Case 2 & 3) 
The periodic interest charge on the debt--
which is constant--is taken out of the rent 
and the lalance of the rent is funded a.t 
interest to accumulate to meet the obligation 
of the fixed futute date. 
If interest rate on fund is the same as t hat 
on debt formula under case 2 appli s. If t h e 
two rates diffe~ Case 3 applies. 
Schedules and Pro Forma Entries. 
In order to journali?.~ the transactions of 
fund problems it is necessary to set up schedules 
sh owing the exact portion of each annuity representing 
interest .and the portion chargeable ~gainst principal. 
To clearly show the set up of these schedules and t h eir 
use, a schedule of each of the three cases discussed 
above will 1e drawn up using t h e same values as employ ee 
in each of the above examples. 
Case 1--Formula _l_ Sn 
Year Interest 
1 
2 18.85 
3 38.82 
57.67 
Rent 
314.11 
314.11 
"314.11 
942.33 
Total .Amount 
314.11 314.11 
332.96 647.07 
352.9 3 1000.00 
1000.00 
The computations are adequately explained by the 
colu.mn headings. The entri s necessary to record 
the tr ansac t ions follow: 
at year I:Blund 
Cash 
314.11 
314.11 
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lp & L 
Reserve 
2nd V4 ar I:F'wlrl 
Income 
Cash 
Income 
p & L 
p & L 
Reserve 
3rd year Fund 
Income 
Cash 
Income -
p & L 
p & L -
Reserve 
Lie.'tili ty Liquidated 
Fund 
Reserve 
Surp lus 
Case 2 Formula 
1 
An 
w.Q. 
Year Principal Unpaid Interest 
1 5,000 250 .oo 
2 4,095.13 204.75 
3 3,145.01 157.25 
4 . 2,147.39 107.36 
5 1,099.88 ·54.99 
774.35 
The journal entries follow: 
let yea~ Interest 
Lia ility 
Cash 
314.11 
332.9€ 
18.85 
332.96 
352.93 
38.82 
352.93 
1000.00 
1000.00 
Rent 
1,154.87 
1,154.87 
1,154.87 
1,154.87 
1 1154.87 
5,774.35 
250 .00 
904.87 
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7 
314.11 I 
18.85 
314.11 
18.85 
332.96 
38.82 
314.11 
38.82 
352.93 
1000.00 
1000.00 
Principal P aid 
904.87 
9 50.12 
997.62 
1,047.51. 
1.099188 
5,000. 00 
1,154.87 
I Interest 204.75 ia1ility 950.12 Cash 1,154.87 
I Interest 15?.25 iat ili ty 99?.62 Cash 1,154.8? 
I Interest 10?. 36 Liability 1,04?.51 Cash 1,154.87 
I Interest 54.99 Lia"tili ty 1,099.88 Cash 1,154.8? 
If it is desired to withold profits from teing distri~-
uted in order to hold funds to cancel this indebtedness, 
an additional entry would be necessary each year charg-
jng profit and loss and crediting a reserve for the 
e.mount of principal paid. At the end of the fifth y ar 
this reserve would be reverted into surplus in total. 
Principal Paid at Maturity. 
Und~r this case an entirely different set 
of entries might arise. Thus from the same formula 
1 
--;:- the calculated rent less interest on dett forms 
n 
an annuity of a fund which will accumulate as shown 
in the following schedule to satisfy the total 
tt d inde e ness a t th e en d f th f'fth 0 e 1 year. 
In~. J.n't. .ttUn<l Total. Year Prin .@5 . Rent a/c. Prim @5.% Credit Fund 
A J:, c D E F G 
1 5000 250 1154.87 904.8? 904.87 904.8? 
2 5000 250 1154.87 904.87 45.29 950.16 1.855.03 
3 5000 250 11.54.8? 904.87 S2.74 997.61. 2852.64 
4 15000 250 11.54.87 904.8? 142.62 1.047. 49 3900.13 
5 5000 250 11.54.8? 904.87 195.00 1099.87 5000.00 
l 25o 1 5774.35 452il.35 4?5.65 5000.00 
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The entri~s would te identical with those outlined under 
the following case. 
1 Case 3 Formula R- S(-x; + i' _ i) 
~nt. Int .CIN Year Prin. 67o Rent a/c Prin 
• 
3
.% ~Und 
A B c D E 
1 5000 300 1072.99 772.99 
2 5000 300 1072.99 772.99 23.19 
3 5000 300' 1072.99 ??2.99 47.08 
4 5000 300 1072.99 772.99 71.68 
5 5000 300 10?2.99 772.99 97.02 
6 5000 300 1072.99 772.99 123.09 
i8oO 643?. 94 4637.94 362.06 
.l!'und 
Credi 
F 
772.99 
?96.18 
820.07 
844.67 
870.01 
896.08 
5000.00 
otal 
t Fund 
-+--::;;-:;::=- G-=--772.99 
1569.17 
2389.24 
3233.91 
4103.92 
5000.00 
The periodic entries would te as follows, using values 
of third year as examples. 
End of each ;year. 
Fund I ]' 820 .oa 
Interest on Debt :b 300.00 
Fund Income ~ 47.08 Gash l..i fl-0?2.99 
Fund Income ] 4?.08 
p & L E" 47.08 
p & L 1: 300.00 
Interest on Debt b 300.00 
p & L ] 820.07 
Reserve F 820.07 
At Maturity 
~ 
Lial.ili ty 5000 
Fund 5000 
Reserve 5000 
Surplus 5000 
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CHAPTER IX 
l:OND VALUATIONS. 
bond Value Factors. 
There are many involved factors determining the 
investment rate considered proper for a particular bond. 
No discussion of these factors will te taken up here other 
than the insertion of a chart of them as outlined 1y 
Harold G. Moulton in his, "The Financial Organization of 
Society", page 222. 
B 0 N D 
I LEGAL FACTORS I 
Legality of the issue 
Nature of the secur~ty 
taxa~iou provisions 1 
Responsibility of t~ustee 
Powers of regulating 
commissions 
[ECONOMIC FACTORSI 
r 
Peculiar to this Concern 
Nature of business 
Character and skill 
of managers 
Location of plant 
Condition of Market 
Labor conditions 
Insurance 
General Economic Conditions 
Money market conditions, 
present and prospective 
VolQme of other issues 
Stage of business cycle 
Industrial unrest 
Political stability 
VALUE s I 
. ITECHNICAL FACTORSI 
1 
En~ineerin~ 
Building, equipment, etc. 
Organization of factory, etc. 
Character of output 
Accountin~:C 
Income 
Sinking fund or amortization 
Reserves and depreciation 
Net worth 
Net workin~ capital 
Financial Details 
Maturity 
Dates of interest payment 
Interest rates 
Coupons and registration 
(PSYCHOLOGICAL FACTOR~ 
Public familiarity with the 
enternrise 
Good-will enjoyed 
Speculative sentiment 
Name given to bond 
Reputation of banking house 
Now because these factors will ve.ry momentarily 
it is impossible to float bonds in such a manner that the 
nominal rate mentioned on the face of the bond Vlill con-
stitute the return on investment rate. This investment 
rate is sometimes called the dividend rate so as to 
avoid the use of the word interest but as the word 
dividend implies a distribution of funds made available 
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only through profits it confuses stocks with 1onds. In 
this work the term, yield rate, will be employed. Furth r_ 
more, even if it were possille to float a new issue of 
C7 bonds momentarily.· the sul:.sequent variation in the money 
rates present the prollem of determining the price which 
can l:.e paid for these bonds 1y a purchaser from an 
original investor. Thus any price paid a1ove par or 
discount allowed below par, directly affects the invest-
ment return of the purchaser and adjustment of the interest 
account is necessary to reflect the true income. This 
adjustment is explained below under amortization of 
premium and accumulation of discount. 
Price of a land. 
To determine the price Vihich may be paid for 
a ~ond it is necessary to value the total outstanding 
obligations as of the date of purchase on the 1asis of 
the yi ld rate, i. Th nominal rate, that rate mentioned 
on the face of the bond, serves ~ut one purpose; namely, 
to indicate that per centum of the face which equals the 
amount of the annual interest payments. (This value 
indicated below on a periodic basis as i') 
For pu~poses of present valuation a lond 
oblicgation ne.y be considered as two distinct obliga.tions. 
1. The payment of a single sum, the face, at 
maturity, and · 
2. The periodic payment of a series of sums, the 
interest payments at rate i', a.t each interest 
date. 
Therefore t h e value of a lond or price of a "bond is 
equal to: 
C = (F+?) vn + Fi'An 
Where F - The face of the l ond 
vn- rl!i)n (see value of n) 
i' = nominal periodic rate 
i - periodic yield rate 
c ~ purchase price 
n - number of conversion periods from date of 
purchase to maturity of 'Lond. 
1 
An= 1 - (l+i)n (see value of n) 
i 
P = any premium paid at maturity over and alove 
face of bond. 
Examples of the application of this formula Ni ll le 
sh own in two cases. 
Price on Interest Date. 
To illustrate a bond selling at a premium 
or discount two illustrations are shown. 
Where i' is greater than i. 
Here the bond is said to sell at a premium 
for the actual earning is less t han the 
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stated rate and the purchase price of the 
land will be above par. 
?roblem: Determine price of $1000 bond as of 
Jan. 1, 1927, bearing 6% interest 
payatle annually, due Jan. 1, 19~8 
if purchased on a 5% basis. 
Solution: ~1~~ 
C = (1000 + 0) 1 .~ 5 11 + 1000 X ~06 . ~O; 1.0511 
C : 1000 X .5846793 + 60 X 8.3064142 
c = $1083.06 
Where i is greater than i' 
Here the bond is said to sell at a discount 
for the actual earning exceeds the stated 
rate and the purchase price of the lend will 
be telow par. 
Prollem; As above except that the bond is 
purchased on a 7% basis. 
Solution: 1 1 C- (1000- 0)1.0711 + 1000 X .061- 1.0711 
.07 
C = 1000 X .4750928 + 60 X 7.4986744 
c - j925.01 
~ro Forma Entries (on atove illustrations) 
As purchased at premium: 
. bond Inveatroents 1000 
bond Premium on Invest-
menta 83.06 
Cash 1083.06 
Aa purc~ased at discount. 
and Investment 1000 
bond Discount on Inve tments 
Cash 
Price :E:etween Interest Dates •. 
74.99 
925.01 
The price of a bond tends toward redemption 
value at maturity. This basic principlA m~ 
be employed to value ~onds purch ased ~etween 
interest dates ~Y interpolating the differenc 
in t~e price of t~e tend at the last prior 
interest date and t ·'l.e next int ere at date. 
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But the accra~ interest at rate i' on tne 
face of the bond must be added to obtai n ' 
~he transfer price. 
Where i 1 is greater than i. 
Problem: Determine price to be paid on Oct. 15,1926 
for a 6% $1000 bond interest payable 
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January and July 1st, maturing January 1st, 1937 
if purc~ased to yield'4 1/2%. 
Solution: 
c. 626.715 + 497.713 = $1124.43 
Value Jan. 1, 1927 
C = 100o1 .62252Q + 1000 x.o31-t.S22~0 
c = 640.817 + 478.911 = 
6 months premium 
Portion to be interpolated for period 
July 1,1926 to Oct. 15, 1926 
3-f mo. __ 7 ~ 
6 mo. - 12 x 4.69 ~ ~2.74 
Value Oct. 15, 1926. 
As of July 1,1926 
Portion amortized 
Value eX-interest 
$1,124.43 
2.74 
!2 ~03 X 1000 =l~ X 30 ~ 
Total value 
Where i is greater than i' 
Problem: as above except i equals 7%. 
Solution: 
Value .. J u. ly 1, 1926. 
$1119,74 
$4.69 
$1121.69 
17.50 
$1139.19 
1 1 X .03 l- 1.03521 
.035 
c = 485.57 + 440.939 - $926.51 
Value Jan. 1, 1927 
1 
c = 1000 1 + 1000 x.03 1 - 1.035zo 
1. 03520 • 035 
c p 502.5659 + 426.372 
6 months premium 
928.94 $2. f3 
Portion to be interpolated for period : 
July 1,1926 to Oct. 15,1926 
3
6
1/ 2 - 1~ X 2.43 = 1.42 
Value Oct. 15, 1926 
As of July 1, 1926 $926.51 
Portion accumulated 1.42 
Value eX-interest 
7 .03 X 1000 : 1_ X 30 w 12 12 
Total value 
Pro Forma Entries (on above illustrations) 
As purchased at premium 
onn Investments 
end Premium on Investments 
~ccrued Bond Interest 
Cash 
As purchased at discount 
1000.00 
121.69 
17.50 
ond Investments 1000.00 
ccrued Eond Inter at 17.50 
bond Discount on Investment 
Cash 
Amortization of Premium. 
927.93 
17.50 
$945.43 
1139.19 
72.07 
945.43 
It is evident that as the value of a bond 
purohased at a premium decreases toward maturity, some 
provisiam must be me.de for the amortizing of this 
premium. As a basis for journal entries recording 
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this amortization a sch edule may b e set up at t h e date 
of purchase running t h rough t h e life of the lond to 
maturity. 
Prob lem: A 6% $1000 bond interest payabl January 1, 
and July 1, purch ased to yield 3t% maturing 
in three years. 
Purchase price. 
Schedule. 
1 
c = looo 1 .5175e + 1ooo x .o3 1-.5i~;75 6 
C: 901.1425 + 30. X 5.6489976 
c "" $1070.61 
Date. Income Total Int. Amortization :Oook Value 
@.0175 @ .03 of Premium 
·--
Jan. 1070 61 
July 18 74 30 11 26 1059 35 
. 
Jan. 18 54 30 11 46 1047 89 
July 18 34 30 11 66 1036 23 
Jan. 18 13 30 11 87 1024 36 
July 17 93 30 12 07 1012 29 
Jan. 17 71 30 12 29 1000 
109J39 i'8o 70 61 
Pro forma entry. (based on J an. 1, of 3rd year) 
Cash 
~ond Premium on Investment 
bond Interest 
Accumulation of Discount. 
30. 
11.87 
l lB.l3 
Now in order to build up the discounted valu 
of a bond an adjustment of the bond valuation account 
is necessary periodically. To illustrate t h e adjustment 
of the first period where t h e bond is purchased between 
interest dates and where the Lond is redeemable above 
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par at maturity the following example will be set up in 
schedule form. 
Problem: A 6% 1000 bond, payalle March l, 1930 is pur-
chased on an a% ~asia June l, 1928--Interest 
payable semiannually March l, and September 1. 
Purchase Price. 
March l, 1928 
l 
c ::: 1000 l 4 + 301 = 1.044 
-1.04 .04 _963 70 
Sept. 1, 1928 1 
c ... 1 301- 1.04~ 1000(1.04)3. "" 
.Q4 
972.25 
June 1, 1928 
972.25 - 963.70 
963.70 + 2 = 967.98 
t X 30 "" 
Schedule. 
Date. Income Total 
- @ .04 @ .03 
June 1928 
Sept. 19.27 15 
Mar .1929 38.89 30 
Sept. 39.25 30 
Mar.l930 39.61 ....22. 
137.02 105. 
Pro Forma Entr1es. 
June 1, 1928. 
l)ond Investments 
Acc~ued Lond Interest 
Int. 
-
-
15.00 982.98 
Accwnulation 
of Discount 
4.27 
8.89 
9.25 
9.61 
32.02 
1000.00 
15.00 
bond Discount on- Investments 
Cash 
Sept. 1, 1928. 
Cash 
Bond Discount on Investments 
Accrued Lond Interest 
bond Intere.st 
30.00 
4.27 
book Value 
967.98 
972.25 
981.14 
990.39 
1000.00 
32.02 
982.98 
15.00 
19.27 
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Yie~d Rate Calculation (i) 
-
The practical method of determining the yi ld 
rate on an investment in bonds purchased at a given price 
is through reference to bond tabl s. However where these 
tables are not available, but tables of ~n are available 
the following formula may be used. 
The difference between the price of the tond 
and redemption value, either the premium or discount, 
may be considered as a fund which is to be amortized by 
payments which are included in the periodic interest 
payment (i' x par). This difference, Prem. or Dis., is 
due at a future date so that it is comparable to the 
protlem discussed under Case I, Chapter VIII. Therefore 
the amount of the periodic interest payment to be considered 
as the rental of Prem. or Dis. equals. 
1 
R • Sn 
Then where P ~ par of bond, i'P equals periodic interest 
payment, and C = price of l;ond 
Prrm. i'P - snat rate 1) i = -- - c 
or, for discount, Dis 
Sn (at rate i) i .. i'P + c 
In either case the solution lies in estimating the value 
of i as closely as possible, then calculate for the rat s 
just above and just "below estimate and interpolate. 
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Problem: Determin yield rate on inv stment of 6%, 
1000 bond running for 20 y are more if pur-
chased at 92 interest payable semi annually. 
Solution: At once it is seen that as the bond sold at 
a discount the yield ·rate is greater than 
6% annually or 3% semi annually. 
Assuming the rat .035 
.03 X- 1000 + 80~ 
= 1.035 - 1 
i - .035 920 
i = 30 + 80 X 1 0353611 920 
i = .0356836 
Assuming the rate .04 
i :: 32 + 80 X .0335818 920 
i = .0355506 
Therefor the true value of i must 11 someplace bet een 
these two assumed rates and may be determined by interpola-
tion as follows: 
i - .035 = i - .0356836 
.04 - 035 .0355506 - .0356836 
Simplifying the denominator, 
i - .035 - .0356836 - i 
.005 - .0001330 
Multiplying through L C D, 
.0 001330 i - .000004655 = .0001R8418 - .005 i 
.005133 i = .000~83073 
i .... 035666 
As bonds are usually valued at an annual nominal rate, 
the yi~ld would b , 
2 x .035666 or 7.1332% 
whi~e the annual effective rate is found to equal, 
( ~ + .035666) 2 - 1 ~r 7.2604% 
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CHAPTER X 
- VALUATION OF ASSETS. 
The purchase of assets to replace those assets 
discarded for any reason is generally financed in such 
a manner that the cost is distributed over th• years 
w.hich have teen benefited 1y the replaced equipment. 
There are many ways in which this cost may be distri~-
uted. For a complete ta1ulation of these methods to-
gether with their advantages and disadvantages reference 
may "te mad~ to any good book on accounting theory such 
as Kester'~ "Accounting Theory and Practice", Volume II. 
In this chapter, six m'thods of arriving at 
an annual depreciation charge will be discussed from 
which any method may le adapted. 
Straight Line Method. 
This method, proba1ly the most cocrmon,aimply 
charges each year vli th a fractional portion of total 
net coat of the asset disregarding all interest calcu-
lations. by the term net cost is meant the original 
cost (C) lese scrap value, (W). Thus the annual charge 
(D) will be: 
D=~ 
n 
where n equals the life of the asset in years. 
Pro~lem: Set up schedule and entries to write off 
an asset costing $1000, with a scrap value 
of $20, over 4 years. 
Solution: 
D- 1000-20 4 
D = $245 
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Soh dule: 
End of Year 
Cost 
1 
2 
3 
4 
Pro Forma Entries 
book Valu 
1000 
755 
510 
265 
20 
epreciation (P & L) 
Reserve 
Fund 
Cash 
245 
245 
245 
245 
980 
End of fourth year(in addition to 
Cash 
eeerve 
Asset (old) 
Asset 
Fund 
Cash 
245 
245 
Reserve 
245 
490 
735 
980 
245 
245 
a~ove) 
20 
980 
1000 
1000 
980 
20 
This met~od, sometimes termed the constant 
percentage method, employs a fixed percentage throughout 
the life of the asset against the diminishing look value. 
Thus at the end o1 n years C is reduced to W. If r 
equals the rate, 
Then C (1-r)n = W 
r ...: 
VI 
rr 1-~ 
Pro'tl m: Determine rate which will reduce a cost of $1000 
to a residual value of 200 in a period of four 
years. 
Solution: 
r - 1-
~ 
1000 
80 
200 nl 2. 301030 
+ 40 - 40 =42. 301030 - 40 
1000 nl __ 3_. ________ __ 
39.301030 - 40 
7 4 d 9.825258 - 10 
ln = • 6687415 
from 1 = .3312585 
or 33.12585% 
Schedul • 
End of Year 
Cost 
1 
2 
3 
4 
I 
I 
I 
Book Value 
1000 
668.74 
447.21 
299.05 
200 
Pro Forma Entries. 
331.26 
221.03 
148.16 
99,05 
800.00 
Reserve 
331.26 
552.79 
700.95 
800.00 
The pro forma entries would te as given 
a1ov under the Straight Line Method, employing 
~1ounts in second column as the annual depreciation 
charge. 
Sinking Fund M thod, 
This method of providing for depreciation is 
an application of the formula ~n developed in Chapter VI . 
The periodic charge is calculated so that these rente 
accumulate a~ compound interest to equal the cost of the 
asset less scrap value. Thus C - W is su1stituted for S 
which gi vee: 
R;:C-W l (l+i)n_ 1 
i 
81 
Problem: Set up schedule showing accumulation of 
reserve to take care of write off of a 
Solution: 
Schedy,le: 
End of 
Year 
Cost 
1 -
2 
3 
4 
5 
$4000 truck in five years if the amount of 
each annual charge is funded at 6% interest. 
Assume scrap value is nil. 
l R ; 4000 
-
0 ~1.061~ l 
-i 
R = $709.59 
Charge Interest Total Reserve ~ook Value 
4000.00 
709.59 0 709.59 709.59 3290.41 
709. 59 42.57 752.16 1461.75 2538.25 
709.59 87.70 797.29 22b9 .04 1740.96 
709.59 135.54 845.13 3104.17 895.83 
7Q~ 1 5~ 186.24 895.83 4000.00 0 
3547.95 452.05 14000 .oo 
Pro Forma Entr~es. 
The entries for this ~ thad of caring for 
depreciation of assets are identical with those listed 
under the sinking fund shown in the previous chapter 
wit~ the exception that the reserve is closed out against 
the old asset rather than reverting it into surplus. 
Return on Investment Method. 
If it is desired to charge costs of a tusiness 
with an amount equal to a return on investment tied up 
in a deprecia1le asset, this so called, "Compound Int r at 
Meth.od 11 , may be employed. This method of providing for 
depreciation was put forth ty a Special Committee of th.e 
-
Americ~n Soci ty of Civil Engine rs to Formulate Prin-
ciples and Methods for the Valuation of Railroad 
Pro erty and other Public Utilities. Their final 
report appears in Vol LXXXI of Decemter 1917 of, 
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-
"Transactions of .American Socieoty of Civil Engineers". 
This title WBB employed in their final report but 
in th ir first papers it was referr d to as, "Equal 
Annual Pa.yment", plan • . Keeter, in hie Volume II 
suggests, "Annuity Method", as a title to dietinquish 
it from the sinking fund method. The title giv n thi s 
section here seems to be exact in meaning and it 
clearly dietinquishee this plan from any other. 
There are two poseille problems under 
this method arising from the fact that the rate earned 
on the fund may or may not equal the rate charged on 
the investment. 
Let C ;;; cost 
W - Rcrap or residual value 
n - life 
i == rate of fund 
i' = rate on investment in asset 
Vfuere Rate i and i 1 are e ual. 
If the rate earned in the fund equals the 
arlitrary ra.t charg~d on the capital tied up in the 
le equal for all yea.rs for while the "took value decreases, 
thus decreasing each periodic charge for investment in 
th asset, the reserve fund is increasing at the same 
rate. 
Under the sinkine fund method the annual 
cha.rge is, CSW and e,a the depreciation charge under 
this return on investment method must allow interest 
on the investment the charge will equa.l 
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Prot 1om: 
Solution: 
Schedul 
D = C-VI 
-sTat rat i) + i'C 
Set up schedule to l us d as laeia for 
journal ntri a accounting for depreciation 
charges on a $5000 asset, having no residual 
valu , with a lif of six y ars. The man-
ufacturing costs are to le charged with 3% 
on th remaining look value of th asset 
et the t ginning of each year, ~hil the 
balance of the depreciation charge as it is 
funded will arn interest at 3% in a sinking 
fund. 
5000 - 0 
D = (1 •03yo=j + .03 X 5000 
.03 
D 772.99 + 150 
D = 922.99 
Ag4! I:ook Int.on In Total De- Reserve Fund for Depr~ciation 
Valut" IV stment reC' · Pt ior cha.rge Int. on Total Fund Accumula · 
a.-g .03xa c_w+i c C-W Fund d+ tive ~ .03ld Toial ~ ~. b s ,.. f 0 [5000 .oo 
1 4227.01 150.00 922.99 772.99 772.99 . 772.99 
2 3430.83 126.81 922.99 7?2.99 23.19 796.18 1569.17 
3 2610.76 102.92 922.99 7?2.99 4?.08 820.07 2389.24 
4 P,.766.09 78.32 922.99 7?2.99 71.68 844.6? 3233.91 
5 896.08 52.98 922.99 7?2.99 97.02 870.01 
I 
4103.92 
6 0 26.91 922~ 99 772.99 123.09 896_.08 5000.00 
537.94 p537.94 4637.94 362.06 5000.00 
used as ) 
1Depreciat ion c 922.99 
Reserve for Depree i at ion I{ 820. 0? I Inter at on Investment 102.92 
Fund f 820.07 
Cash d 772.99 
Fund Income 47.08 
Profit and Loss c 922.99 
D pr ciation c 922.99 
Inter at on I r:.vestment 1; 102.92 
und Income e 47.08 
Profit and Loss +e 150.00 
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Age l:.ook 
Value 
a-g 
a 
0 500 0 .oo 
l 4227.01 
2 3430.83 
3 2610.7€ 
4 176~.09 
5 89€.08 
6 
Where Rat e i end i' Diff~r. 
Where the investment in theo asset is ch a.rged 
at a rate different from the rete on the fund, the 
a"tove schedule must te modified. The same formula. 
serv s for th first y ar's charge. 
D ;:; c_w + i' c STat rat i) 
Th charge for th second year will 1 equal to the 
sum of the interest on the remaining took value at 
rat i' and the quated valu of D at rate i, or: 
( C- CS N ) i t + CS W ( 1 + i ) 
Taking the prollem solv d alove for th 
plan where the rates i and i' were equal and ch ang ing 
the r at~e eo that i equals .03, and 1' equals .0€; 
D of let year = 5000 + .oe x 5ooo 6. 4684099 
= 772.99 + 300 
= $1072.99 
D of 2nd year 5000 5000 = (5000- 6.4€84099 } .06 +6--.--46 ..... 8~4-0_9_9 _ 1.03 
= (4227.01 x .oe) + 772.99 x 1.03 
= 253.62 + 796.18 
= 1049.80 
The resulting schedule may le set up. 
Int. on Ir- Total Depre~ Reserve Fund for Depreciation 
vestment ciC~.tion Fixed Int.on Total !Accumulative 
.06 x a charge charge Fund Fund rrotal 
c_w Cr dit Total of f 
s-
.03xd d+e 
b c d e ! g 
300 .oo 1072.99 772.99 7?2.99 ?72.99 
25:3.62 1049.80 7?2.99 23.19 796.18 1569.17 
205.85 1025.92 772.99 4?.08 1820.07 2389.24 
156.€5 1001.32 ??2.99 ?1.68 844.6? 3233.91 
10 5. 9? 9?5.98 ?72.99 9? .02 8?0. 01 4103.92 
53.76 9 49.84 ??2.99 123.09 89~!08 5000.00 
10?5.85 60?5. 85 ~63?.94 m.o6 5000.00 
1 
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?ro Forma Entri,.s. ( for comparative purposes, the value 
as employed at the nd of the third year will be entered 
in the following illustrations). 
!Depreciation ·,=,=====~ 
Reserv for Depreciation 
Interest on Inv stment 
Fund 
Cash 
Fund Inc om 
rofit and Loss 
Depreciation 
Int rest on Investment 
nd Income 
?ro fit end Loss 
Unit Cost Method. 
f 
d 
• 
c 
l l 
c 
e 
I 
l+c 
I 
1025.92. 1 
820 .o? 
205.85 
820 .0? 
??2.99 
4?.08 
1025.92 
1025.92 
205.85 
4?.08 
252.93 
Th American Society of Civil Engin era hav 
advanced a method designed to valu an asset from an 
economic standpoint. Thus the periodic charge for 
depr ciation is directly affedted 1y improve~ents and 
inventions of machines turning out the same product mor 
efficiently than the mac~ine now in us • Any method 
previously explained may le used as a lasis for this 
unit plan ~ut the Return on Investment Method i~ usually 
employed. An example will serve to illustrate the 
prollem. 
Let C ~ nost of new machine--assuming no scrap valu • 
0 - e~timated annual operating expenses of new 
machine. 
R = eAtimated annual repairs of new machine. 
U = estimated numb r of units annually produc d 
ly new machine 
N • eAtimated life of new machine 
o, r u = as alove lut apply to old machine. 
n- remaining life of old asset. 
c = value of old machine 
86 
Ey definition then th cost of production of ach unit 
must be equal wh th r produced ly the old or n w 
mach in , therefore; 
-
"""u __ _ 
...£_+o+r 
An 
u 
6 ~ + 0 + R c ... An u AN ---u~-- - o - r) 
This formula may b simplified by cane llation wh re 
U _ u. Further if when U u, eith r 0- o, orR= r, 
or both, then all six terms may b still cancell d. 
If it is desired to show a result r fleeting 
a return on investment differing from the rat arned on 
the fund together with a consideration of a scrap velue 
1 
of the assets then the formula An must be substitut d 
C-W 
by -sTat rate i) + i ' C. 
Then the whole formula becomes: 
C-W 
l·tc O+R C-W 8N + + 
- u ---: 
--- + i ' c + o + r Sn 
u 
Multiplying Ly u, Pnd transf ring o and r, 
+ i'c = u 
C \'' ~ + i ' C + 0 + R SN ------~--·-------- - o - r u 
Multiplying Ly Sn, Rnd transferring w, 
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c_w + i' C+O+R 
c + Sn i'c ~ c(l+Sn i') - Sn u~S~N~~-------­
U 
o-r+w 
Dividing by l+Srt 1' •C-W + i'C + O + R 
Sn u =m:f 
u 
1 + Sn i 
- o - r + w 
PraLl m: A machine now in us~ for some time costing 
Solution: 
$1000 a y ar to operate b sides repairs costing 
~300, producing 2000 units a year has a remianing 
life of 3 years. There is now availa11 a ne 
machine costing $100,000.00 having an stimated 
life of 20 years can produce 3000 unite a y ar 
while its operating costs amount to a1out 1500. 
An annuity of $100.00 a year will take care of 
all re airs. Determine the value of the old 
machine on a 4% 1asis. 
(As no scrap valu 
i' ar equal, the 
be us di.oo ooo 
It 
A2Q + 
is to le consid red and i and 
first mentioned formula will 
1500 + 100 
c = A3 (20')0---
------ - 1000 - 300) 
c -
3000 
2.7750910 ( 2000 7358.18 + 1500 + 100 
3000 - 1ooo - 3oo) 
c b .. 12,9~5.56 
This process is rep ated at the end of each year 
and the difference in the valu s of , 11 c 11 , at the Leginning 
and nd of any year constitutes the charge for d pr ciation 
of that year. How v r this m thad is recommend d for th 
valuation of equipment not the latest d sign of its kind 
rather than a p riodic calculation of d preciation charges 
for a series of years on the same asset. 
Capitaliz d Cost, 
The cost of permanently establishing a giv n 
asset may ~e said to equal th present cost plus th 
p-resent valu o,f an infinite numLer of renewals. The coe , 
C, must le assumed to le constant. 
The present valu of an annuity which will 
produce 1 per annum at rate i will 1 vidently be r- for 
the resulting value,S, deposited at rat i will arn 
• 
1 as tne interest on itAelf. Now if this valu 1 is 
now paid, a perpetuity du~, the pres nt value will 
!. qual , 1 + i" 
How ver if the life of the asset is gr ater 
than one year and therefor the sum 1 is not required 
as oft n as th periods of conversion tak plac , this 
formula must be modified. Let t l the term life of 
the asset. Then the pres nt value of the payments of 
1 every t yc~rs equals the sum of the values listed 
h r ; 
S of let payment 
S " 2nd " 
S " 3rd " 
= vt 
= v2t 
_ v3t 
These valu s conRtitute a geometric progression where 
the ratio r ~ vt, a • vt , and whoa sum may be valu d 
as follows. From Chapter II the sum of a geometric 
progr ssion was d rived as: 
B a- rL 1- r 
Now wh re r is less than 1, the valu of L, the last 
term approaches the limit 0, so that the value of L may 
b considered as 0. Also then the valu of r L may 1e 
considered 0. Then from the alove formula for a, 
B ;;. 
a- o 
1- r 
Substituting, 
vt A--t 1 - v 
a 
1- r 
Dividing through by vt, 
1 A- h- 1 v 
Afi L 1 v ~ ~1---+~i-
1 
A ~ ( l+i) t - 1 
1 As valu a of - are availatle this formula may t mad Sn 
mor useful in the form, 
1 . 
A; i X (l+ilt - 1 w 1 • 1 i Sn 
Ther for where the capitalized cost is E, wh r 
the asset must t e purchased from that sum at the out a t e.s 
w 11 es in the future, 
c + c .1 • r Sn 
c (i 1 . 1 1 b - + Bn ) and since = i ~ + Sn"~ An 
:l c • .J:. = -i ~ 
Probl m: A graduating class wishes to install en 
lee ric oven in the coll ge latoratory as 
Solution: 
a gi~t. Th ov n costa $2500 install d and h~ s 
an estimated life of twenty years. If the class 
desires to set up a fund which will not only 
install the oven at th first instance, tut 
will take care of the purchase of a new one eve;y 
twenty years indefinit ly, how much money 
must ~e raised money being worth 4t%. 
Q_ • l 
_J_ 
= i x;; 
2500 1 b == :o45 X 1 1 l.04o~0 
.045 
J:, 
= 55,555.56 X .0768761 
b = $4270.89 
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CHAPTER XI 
THE SLIDE RULE 
The elide rul is a m chanical device for the 
calculation of any pro"tlem which can be solved by the us 
of logarithn1B. Essentially the rule consists of two parts 
which are graduated in identical manner. These markings 
are la.id off an e logarithmic scale running from 1 to 10 
f rom 1 ft to right~ for the following reason. 
Terming the total 1 ngth of the rul as 1, every 
numer i cc;.l marking on the rul is set at a distanc from 
the left hand end of the rule that exactly coincides with 
the numerical value of its mantissa. Thus the value 1 is 
s t at left hand end of rul as its mantissa equals 0, and: 
The value 2--.3010 of total 1 n~th. 
3--. 4?71 
4--· 6021 
5--.6990 
6--. 7?82 
7- - .8451 
8--.9031 
9--.9542 
1 or 10--1. 
The subdivisions of these values are laid out. in 
manner, BO that the divisions on the rul appear 
follows: 
2 l 4 T 6 ( ( rCj il j I 
like 
as 
7 8 
I I 9 
From the foregoing it is plain that no rec~gnition 
of characteristics is made in the layout of the rule. Lut 
as the sole purpose of characteristics of either the result 
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l 
or a factor of the result is to merely place the d cimal 
point in the result t hen it follows that if a r~sult is 
obtained where the mantissas of the factors hav been 
considered, that resalt will be correct numerically and 
th decimal point may b placed by estimating or ty 
actual computation of the problem rounding off all its 
factors. The slide rul operat s on this principle there-
1y defining the first limitation on its use. 
Now by, "eliding", the rul so that the v lue 
1 on the slide is in a position opposite the value 2 of 
the stock, t h n all the valu s on the two parts t ar a 
fixed ratio toward each other of 2 to 1. Thus ae the 
addition of the log of 2 and the log of 4, gives the log 
of 8, so the additi8n of two lines the length of each 
corresponding to thE mantissas of 2 and 4, gives a. lin of 
the 1 ngth of the mantissa of 8, re~d on the stock just 
under 4 on the slide. This proportion appliea inversely 
so that su1tracting the 1 ngth of a line repres nting the 
mantissa of 2t from the length of a line representing the 
mantissa of ?t results in a line whose length r presents 
the mantissa of 3. 
Therefore the rule, because the va.lu e are 
set on a logarithmic scaling, may t e marked directly 
with the num rical values eo that no reference need be 
made to logarithms or mantissae . in either setting the 
factors on the rule or r ading the results. However if 
the fundamental principl of this layout is understood, 
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certain operations of the rule may te made more rapidly 
especially if that type of problem had not teen previously 
worked out. 
Such cases arise in protlems involving inverted 
opera.tion of the rule. This process must be used where 
th£ factor located on the slide appears leyond the right 
hand end of the stock so that the total bf the two factors 
can not be read on the stock. For example in multiplying 
5 ly 6, when the left hand end of the slide is set opposite 
5 on the stock, the value 6 on the slide is out beyond 
the right hand end of the stock. Now it is possill to 
solve this problem ly simply setti~~ it up as 5 ~ ~ so 
that in terms of logs the log of ~ should be subtracted 
from the log of 5. Therefore as the rec~procal of 6 i~ 
represented by the distance betwe n 6 a.nd 10 on the rule, 
the elide may le set with the right hand end at 5 on the 
stock and the result 30 read on the stock at 6 on the 
slide. 
Likewise in dividing 40 by 8, the problem must 
l e set up as 40 x 1 As the distance on the rule between 8 . 
8 and 10 represents the mantissa of 1 , if the value 8 on 
8 
the slide is set at 40 on the stock, the result 5 will "te 
read on he stock under the right hand end of the rule. 
Here two lines are added .one representing the mantissa of 
40 and the other the mantissa of t· 
Thus far only the addition and subtraction of 
logs have leen dealt with as employed in multiplication 
a.nd division. In work involving l+i a common problem 
arises in raising to the nth power. A slide rule may be 
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used to check such evaluations. Now as explained in 
Chapter I, to raise Y to the nth power it is nee ssary 
to multiply the log of y ly n and find the antilog of 
the product. This is the 'casie o-f such a pro"Llem on 
the slide rule. 
~y a simple layout, all cown rcial forms of 
slide rules have, usually on the tack aid of the slide, 
a set of equidistanced settings marked L. This provides 
-
a fairly accurat m ana of oltaining the log of any numler 
and inversely the num'cer corresponding to a given log. Th 
principle involved in the layout of this log scale is simply 
that the slide rule, as explained a"Love, is laid out from 
a ta1le of mantissa so that the mantissa .301 is at number 
2 etc. The major markings are as follows: 
l I f I 1 
?. 
I 
To find the log of a num1er it is necessary to 
determine the characteristic as explained in Chapter I, lut 
the mantissa is read directly off the L scale. Then to find 
the nth power of a rlum"Ler, the log of the numler is mul-
tiplied ly n, on the face side of the rul as explained 
for simple multiplication. The resulting product leing 
the log of the result, it is necessary to find the num'cer 
corresponding to the log "Ly referring to the L scale for 
the digits and applying the rule of the characteristic to 
place the decimal point. The same process inverted applies 
in determining the nth root of a number As an xample 
of raising to the nth power the following illustration 
is given. 
Procl m: Evaluat 1 the formula v - l.o 68 
Solution:(on rul ) 
Reading mantissa on L seal opposite 1.0 
Determi n 'ng the characteristic 
Multiply(on face of rule) by 8 -
Numb r corresponding to 0.200 ~ 
Placing decimal point 
Vfuose reciprocal (__l_ ) _ 
1.59 -
Not This result is a good check as the actual 
computation as given the tabl s of pres nt 
value of 1 amount to .6274124. 
~ .025 
0.025 
:) • 200 
159 
1.59 
• 629 
Thus th second limitation on the us of a slide rul is 
the inaccuracy of th r sult in thft thi~d plac • Th 
mor factors in a giv n problem or th . great r the pow r 
rais d or root extract d the great r will be th error. 
T 
It follows from this second limitation that 
the longer th slide rule the more accurate will t th 
results obtained, for more accura.te settings may te made 
of the factors and read of the results for there are more 
subdivisions possi"ll on the larger rules. The standard 
rules are, eight, ten, twelv , and twenty inch s in length. 
Some rules are made in a pocket size of alout four inches. 
There are many vari<=~.tions in the type of circular slide 
rules some 'lcing set up on a plane arrangement 'llhile 
others are built up on a cylindrical drwa. This latter 
type operates on a micramic principl and is ther for 
extremely accurat • 
Oth r Applications of Logarithms. 
A variation of th logari thmic principl of the 
slide rul is found in the study of statistics. It is not 
intended to discuss h re the use of graphs 1ut rather to 
indicat wher graph pa er ruled on a logarithmic 1asis 
may 1ett r serve the purpose of a graphical exhi1ition of 
facts t~an paper drawn up on a sim~le arithmetic seal • 
Semi Log Paper. 
Observations of any facts varialle over a period 
of tim may l e shown on c'rlart a n1led on a logarithm · o "t asi s 
for the facts ano on an arit~etic "tasis for the time where 
it is desired to r fleet a curve of, "rate of c11.ang ". T rm 
originated by Karl G. Karsten in his look, "Charts and Graphs". 
In fact any such problem is better shown on this, semi log 
paper except where the rate of c'rlange over tn period under 
consideration is less than 100% or where the units or facta 
on th logarit:~ic 1asis reaches or passes t~e zero value. 
The first limitation is vident fr~m tne fact that as 
geometric progression, where t~e rat is positiv , advamc 
v ry rapidly, slight varieations in the rate of change would 
not sufficiently show up on a chart to make it of value. 
Th second limitation is evident when it is considered, as 
explained in Chapt r X, t'~at zero is an alsolute limit :lf 
an~ geometric progression. 
Log Paper. 
In statistical analysis of frequ ncy curves it 
is sometimes desirable to plot the curves on a graph pap r 
scaled logarithmically loth 11.or iz o.nta.ll.Y and vertically. 
In this way figures runnine ver an enormous range may 
le let t er visuelized. Also in analyzing cw.mulat ive 
totals •xpansion on logarithmic paper allows mor 
inte l ligent study of curv s t'-1an graphs drawn up on 
thus charted 
ari t ' tic paper as some curvea~more ne~ly r semble 
a straight line-1 which is a fundamental princi 1 in 
statistical analysis~ than if plotted on arithmetic scale. 
Alignm -nt Charts. 
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A furth r application of logarithmic progr asians 
is made use of in align~ent charts. Thea charts comlin 
the principle of the geometrical th orm of similar triangl s 
and logarithms. lriefly, t h r us is comparatle to a slide 
rule fixed at a c rta.in position so that t ' e r adings on 
two or more seal s are of th same ratio. There use is as 
varied as t'-1e application of mathematics itself for for 
all the mathematical rocess s or any comtination of tnem 
may te plotted. Th se charts are sometimes ref rr d to 
as nomographs or nC>mogram.,. Thera construction may l 
quite simple or involved dep noing upon the basic formula 
to 1e _plotted. 
For a complete diecription of calculating 
charts reference may te made to Karl G. Karst n' e "Charts 
and Graphs" pulliah d 1923 1y Prentice Hall Inc. 
APPENDIX 
As an aid to a tetter understanding of the 
relatione existing letween th p~JCl me developed in 
this thesis a chart of t'"le basic formula ":las l.een 
drawn up on the following page. It should also prove 
of great assistance in picking t~e correct formula 
to be applied ly merely classifying th given prollem 
as indicated at the left. 
Every compound interest problem may le 
resolved into either a single or a aeries of sums. 
Then in turn it falls under either a future or 
present valu prollem. From this point, the class-
ification is laid off horizant ally on the chart. 
Of course many protlems are a comlination 
of two or more of the lasic formulae. For instance, 
in the valuation of a land, tn present value of e, 
single sum is added to the present value of a s ries 
of sums. Lik wia deferred annuities make use of 
two of the al.ove formulae. 
The two blank spaces under "1" indicate 
that no formula can be applled airectly to taese 
two problems. It is necessary to interphlate in 
these cases as explained under Chapters VI & VII. 
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CHART OF lASIC FORMULAE --
--
c ;-_...., 
CLASS IFICATION ' :'::' 
OF ?ROlLEM FORMULAE TO LE AP?LIED 
IT Dffi -
- l PAYMENTS VALUE RECIPROCAL i n 
nJF-
I 
Futur a=:P( l+i) n P- a 1 los; a- Log .E 
-{l+i)n log (l+i) 
Single 
-
Pr se11t v~s 1 B=v(l+i)n n(i- 1 log B - log v 
- ~l+i)n v 
- log ~ l+il 
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